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Abstract

This present paper extends some common fixed point theorems for generalized ra-
tional a..—contraction of multi-valued mappings in the setting of C*—algebra valued

b—metric spaces.
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1. Introduction
The concept of multi-valued contraction mappings was introduced by Nadler[7], he
etablished that a multi-valued contraction mapping has a fixed point in a complete
metric spaces.

Recently, Ma et al. [1] announced the notion of C*—algebra valued metric space

and formulated some first fixed point theorems in the C'* —algebra valued metric space.
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Many authors initiated and studied many existing fixed point theorems in such spaces,
see [5, 6, 8].

Very recently, Amer [I] in 2017 introduced a new concept known as generalized

— 1p—Geraghty contraction type for multivalued mappings.

In this paper, we provide some fixed point results for generalized rational o, —contraction
for multi-valued mappings in C*—algebra valued b—metric spaces.

2. Preliminaries

*

Throughout this paper, we denote by A an unital (i.e. have an unity element I) C*-

algebra with linear involution *, such that for all x,y € A,
(xy)* = y*z*,and =** = x.
We call an element z € A a positive element, denote it by = > 6

ifr e Ay ={r€A:2=2"}and o(xr) C Ry,where o(z) is the spectrum of x.Using
positive element ,we can define a partial ordering < on A}, as follows :
r=<yifandonlyify —x >0
where 6 means the zero element in A.
we denote the set x € A:x > 0 by A} and ||z| = (x*ac)%
and A’ will denote the set {a € Ay;ab = ba,Vb € A}
Now, we recollect some definitions and lemmas which will be useful in our main

results.

Lemma 0.1. [6] Suppose that A is a unital C*-algebra with a unit I,

(1) for any x € Ay we have x < I <= |[jz|| <1,

(2) If a € Ay with |ja| < % then I — a is invertible and ||a(1 —a)7!|| < 1,

(3) Suppose that a,b € Ay and ab = ba, then ab = 6,

(4) Leta € A, if b,c € A, withb = ¢ = 0, and I —a € A/, is invertible operator,
then (I —a)~tb = (I —a)~le.

Definition 0.2. [8] Let X be a non-empty set, b € A and b = I.
Suppose the mapping d: X x X — A, satisfies:

(i) d(z,y)
d(z,y)
y) 2

d(,

0 if and only if x = y;
d(y,x) for all distinct points z,y € X;

ii)
(iii) bld(z,u) + d(u,y)] for all z,y,u € X.
(X

Then (X, A, d) is called a C*—algebra-valued b—metric space with coefficient b.
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Example 0.3. Let X = [—1,1] and A = M(R). Define partial ordering on A as

ap a bl bg
—

a3 as)  \bs by

S a; = by fori=1,23.4.
Define d : X x X — My(R)+ by

[z—y? 0
d(z,y) = )
0 |z —y|

It is easy to verify d is a C*—algebra-valued b— metric with a coefficient b =

and (X, A, d) is a complete C*— algebra-valued b—metric space.

Lemma 0.4. Let (X, A,d) be a C*—algebra-valued b— metric space with b > 1.
Suppose that {x,} a sequence in X, such that

d($n+1v mn) = 5d($n7 xnfl)

for alln € N and 6 € 0,1).

Then {x,} is a Cauchy sequence.

Proof. First let us note that
d(xpt1,xn) 2 0"d(z1,20) ¥n € N
we have for m>1,p>1

(T, Trmtp) =20 (d(Tmy Tms1) + d(Tms1, Tmtp))
= bd(Tm, Tmg1) + b2d($m+1, Tmi2) + .+ bp_l(d(merpf% 5Um+p71) + bp_ld(l‘mﬂ)fla fEerp)
= b5md(:€0, iL'l) + b(sm+1d(l‘0, xl) + b25m+2d(ac0, xl) + 525m+3d(1‘0, l‘l)

—+ . —i—bpil(strpd(wo,m'l)

Since 6 € [0,1) and b > I, we have

n}%gloo d(zp, xm) = 0.

We deduce that the sequence x,, is a Cauchy sequence O
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Definition 0.5. [8] Let (X, A, d) be a C*—algebra-valued b— metric space and {x,} a
sequence in X.

We have:

1) {xn} converges to x € X if d(xy,z) — 0 as n — 0.
2) {z,} is a Cauchy sequence if d(xy,, z,) — 0 as m,n — co

3) (X, A,d) is complete if very Cauchy sequence in X is convergent.

Definition 0.6. [8] Let T: X — X and a: X x X — A’ be two mappings.

T is said to be a— admissible if

a(z,y) = I = o(Tz, Ty) = I.

Definition 0.7. [3] Let T: X — X and a: X x X — A’ be two mappings such that
T is a— admissible.

T is said to be triangular a— admissible if

alz,y) = Tand a(y,z) = I = a(z,z) = 1

Definition 0.8. [8] Let T: X — X and o : X x X — A’ be two mappings.

T is said to be av— orbital admissible if

afz,Tx) = I = a(Tz, T?z) = I

Definition 0.9. [8] Let T: X — X and a: X x X — A’ be two mappings such that
T is a— orbital admissible.

T is said to be triangular a— orbital admissible if

a(z,y) = Tand o(y, Ty) = I = oz, Ty) = I

Let (X,A,d) be a C*—algebra-valued b— metric space. We will denote By CB(X)
the set of non-empty bounded closed subsets of X. For M, N € CB(X) and =z € X, we
define

d(x, M) = infoemd(z,a) and d(M,N) = supgemd(a, N).

The mapping

h:CB(X)xCB(X)— Ay
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given by h(M,N) = maz{supscpd(a, N), suppend(b, M)}, is the Hausdorff distance
between M and N in CB(X).

A point z is said to be a fixed point of multi-valued mapping 7' : X — CB(X)
provided = € T'(x).

In 2014, Hussain et al.[2] introduced a notion of a— completeness for metric spaces.

Definition 0.10. [1] Let (X, A,d) be a C*—algebra-valued b— metric space and « :
X x X — A/, be a mapping. The space X is said to be a— complete, if every Cauchy

sequence {z,} in X with a(z,,x,4+1) = I for all n € N converges in X.

Definition 0.11. [I] Let a: X x X — A’ be a mapping and T : X — CB(X) be a
multi-valued mapping satisfying the proprety that if

a(z,y) = I = a.(Tx,Ty) = I, where

ax(M,N)=inf{a(x,y): x € M,y € N}, then T is said to be a,— admissible.

Definition 0.12. [1] Let (X, A, d) be a C*—algebra-valued b— metric space

and a,n : X x X — A, be two mappings. T is said to be « — n— continuous on
(X,A,d), if for given x € X and a sequence {z,} in X with a(xy,zpt1) = I Vn € N
such that z,, - x as n — oo imply that Tx, — Tz as n — o0.

If n(xpn, Tny1) = I, then T is said an a— continous mapping.

Definition 0.13. [1] Let 7,5 : X — CB(X) be two multi-valued mappings
and a: X x X — A’} be a function. Then the pair (7, 5) is said to be triangular
a,— admissible if the following conditions hold:
(i) a(z,y) = I = ax(Tx,Sy) = I and o, (Sz,Ty) = I
(ii) a(z,y) = I and a(y, 2) = I = a(x,z) = I.

Definition 0.14. [1] Let 7,5 : X — CB(X) be two multi-valued mappings
and a: X x X — A’} be a function. Then the pair (T, 5) is said to be a,— orbital
admissible if the following condition hold:

a(r,Tz) = I and ax(z,Sz) = I = a.(Tx,S%z) = I and a.(Sz,T?z) = I.

Definition 0.15. [1] Let 7,5 : X — CB(X) be two multi-valued mappings
and o : X x X — A’} be a function. Then the pair (7,5) is said to be triangular

a,— orbital admissible if the following conditions hold:

(i) (7T, S) is ax— orbital admissible.
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(ii) a(z,y) = I, a(y,Ty) = I and ax(y,Sy) = I = a.(x,Ty) > I and a.(x,Sy) =
1.

Lemma 0.16. [1] Let T, S : X — B(X) be two multi-valued mappings such that the
pair (T, 5) is triangular a,— orbital admissible.

Assume that there exists xg € X such that o, (xo, Txo) = 1.

Define a sequence {x,} € X by xont1 € Txoy and Topi2 € S(xony1), where n =
0,1,2, ...

Then ¥n,m € NU {0} with m > n, we have a(xy, Tm) = 1.

3. Main results
Using C*— Hausdorff metric on CB(X) we give a generalization of some common fixed
point results for rational contraction of multivalued mappings defined on a C*—algebra-
valued b— metric space.

The following lemmas will be used later.

Lemma 0.17. Let (X, A, d) be a C*—algebra-valued b— metric space. For any x,y € X
and M,N,C € CB(X) we have:
(i) d(z,N) < d(x,u), for any u € N
(ii) d(x, M) < h(M, N)
) W(M,C) 2 b(h(M,N) + h(N,C))
) d(z, ) bld(z, y) + d(y, M)].

Lemma 0.18. Let M,N € CB(X) such that (X,A,d) be a C*—algebra-valued b—

metric space and q < 1. Then, for every a € M there exists some u € N such that
gd(a, u) < h(M, N).

Proof. If h(M,N) = 0, then a € M and gd(a,u) = h(M, N) holds for a = u.
Suppose that h(M, N) = 6.
For any r > 6 there exists u € M such that d(a,u) < d(a, N) +r < h(M,N) +r.
We may assume r = ((1] — 1)h(M, N) > 0, this complete the proof which does not
depend on b. Il

Now, one can give the definition of a— continuous multivalued mapping.

Definition 0.19. Let (X, A, d) be a C*—algebra-valued b—metric space.
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Let a: X x X — A’} be a mapping and T': X — CB(X) be a multivalued mapping.
Then T said to be a a— continuous multivalued mapping on (CB(X), h),
if {z,,} is a sequence in X with a(zy,zp+1) = I,Vn € NU {0} and = € X such that

limp—s4ood(Ty, x) = 0 then limy,—ooh(Txy, Tx) = 6.
We give the definition of C*— multivalued contraction.

Definition 0.20. Let (X, A, d) be a C*—algebra-valued b—metric space with a coeffi-
cient b = I a mapping T': X — CB(X) is called a C*— multivalued contraction if there
exists A € A with ||A|| < 1 and ||b]|[|A\[|> < 1 such that

Tz, Ty) 2 Xd(z,y)\ Va,y € X
The following is nontrivial example of C*— multivalued contraction.

Example 0.21. Let X =[-1,1] , A=R? and d: X x X — AT given by

d(z,y) = (| — y],0) ¥,y € X.
It is easy to verify that (X, A, d) is a C*~algebra valued b metric space with coefficient
(2,0).
Let M, N € CB(X) be given by the closed intervals in X as

1 13
Then

h(M, N) = max{supgerrd(a, N), suppend(b, M)}

= maz{(3,0), (3,00}
= (5.0

1
Define T': X — CB(X) by Tx = {y;0 <y < Zw}
Then
1
W(Tz, Ty) 2 Ad(a,y)d with Al = 5

Hence T is a C*— multivalued contraction.

We present the following fixed point theorem.
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Theorem 0.22. Let (X, A,d) be a complete C*—algebra-valued b—metric space with a
coefficient b = I and T : X — CB(X) be a C*— multivalued contraction. That is, there
exists A € A with ||A|| < 1 and ||b]|||A||* < 1 such that

hMTz,Ty) 2 XNd(z,y)\ Yo,y € X

Then T has a fized point.

Proof. Let xg € X, consider a point x1 € Txg and xo € Ty such that

d(:ﬂl, CCQ) < h(Txo, T.’L’l) + A

Again, since T'r; and T'xo are closed and bounded subsets of X and x2 lies in T'xy there

will be a point x3 € Txzs which satisfies

d(.’L‘Q, .%'3) =< h(Txl, T(L'Q) + ()\*)\)2

Proceeding in this way we obtain a sequence {x,},cf1,2,.} of points of X such that

Tpy1 € Txy and

d(Tp, Tnt1) S W(Tep—1,Tx,) + (AN Vn > 1.

We note that for all n > 1

d(n, ng1) = W(Tp_1, Tn) + (A A)"
2 A d(zp—1, 20)A) + (ATA)"
SN (Txn—2, Ten_1) + (A A)" A+ (A"
= N [(T2n—2, Txn_1)]A + 2N A)"

< AN"d(xg, 1) A" + n(ATA)"

Hence for Vn,m > 1
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d(Tn, Tptm) 2 0[d(@n, Tnt1) + d(@nt1, Tng2) + oo + d(@ngdm—1, Tntm)]
< BINd(20, 1) A" 4+ n(AA)™ + (VT d(zg, 2) A 4+ (n 4+ D(AA)"H 4
+ (AN D (20, ) AT 4 (0 4 m— 1)(AN)TY
< b(d( s Tpg1) + A@ns1, Tng2)) + 02 (d(@nt2, Tnys) + d(Tns3, Tnta))

+ .+ bm_n+1(d(xn+m—27 xn—i—m—l) =+ d(xn—i-m—lu xn—i—m))
n+m—1 n+m—1

:b[ Z A*kd({l?o,.%'l)/\k"i‘ Z ()\*)‘)k]
k=n k=n

n+m—1 n+m—1
= 3 |(2d(wo,z1)) AP+ Y [pRARp?
k=i k=i
n+m—1 n+m—1
< I|bllld(zo 20l Y INIE+ LIl D N[ — 8 as m — oc.

k=n k=n
It follows that the sequence {z,} is a Cauchy sequence in X. Since is complete, the

sequence {x,} will converge to some z¢ € X. Also

hTxzy, Tzo) = Nd(zn, To)A

Therefore, the sequence {T'x,} converges to T'xg. Also x,, € Tx,—1 Vn € {1,2,...} and

d(xp, Tzp) — 0 as n — co. We obtain that xg € T'zg. O

Definition 0.23. Let (X, A, d) be a C*—algebra-valued b—metric space.
Let a: XxX — A’} beamappingand T, S : X — CB(X) two multivalued mappings
said to be a pair of generalized rational a,— contraction type for multivalued mappings

if there exists z,y € X with a(z,y) = I and satisfies
(0.1) h(Tx,Sy) = NM(x,y)\, for X € A with |\ <1 and ||b]||\|* < 1

where

d(x, Sy) + d(y, Tx)
2

(0.2) M(z,y) = max{d(z,y),d(x, Tx),d(y, Sy), }

We prove a common fixed point theorem.

Theorem 0.24. Let (X, A,d) be a C*—algebra-valued b—metric space with b = I and
a: X xX — A’y be a mapping. Let T,S : X — CB(X) be a pair of generalized

rational a,— contraction type for multivalued mappings
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(i
(ii

(iii

) (X,A,d) is an a— complete

) (T,5) is triangular a,— orbital admissible.

) there exists xg € X such that aw(xo, Txg) = I for xg € X
(iv) T and S are a— continuous.

Then there exists a common fized point of T and S in X.

Proof. Let xg € X such that a,(zg, Txo) = I. Let x; € T'xp so that a(xg,z1) = I and

1 75 xo-
We have

0< d(l’l, SCL’l) = h(Ta?(), le) < )\*M($0,$1))\
there exists xo € Sx1 such that
d(l’l, .7}2) j h(T.%'(), Sl’l) j )\*M(mo, :6'1))\.
With
d($07 S[L‘l) + d(xla T.’L’(])

2

= mazx{d(zg, 1), d(zo, 1), d(21, Sx1), d(zo, Sz1) -i2- d(x1, T:z:g)}

M (zg, z1) = max{d(xo, x1), d(zo, T'x0), d(x1, Sz1),

}

= maz{d(zo, x1),d(xo, z1),d(x1, Sz1)}

= maz{d(zo,x1),d(x1, Sz1)}.
If max{d(zo,x1),d(z1,Sx1)} = d(x1, Sz1), we get

d(l’l, Sl‘l) j )\*d(l'l, S(L‘l))\

= [ld(z, Sz1)|| < [[Alllld(z1, Sza)

which a contradiction, hence maz{d(xg,x1),d(x1, Sx1)} = d(zg, z1),

then

d(xl, xz) j )\*d(.%'o, .%'1))\.

In the same way, for xo € Sz; and z3 € Txs, we obtain

d(z2,x3) = h(Sz1,Tx2) 2 N*M (21, 22)A
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where

d(ml, SSCQ) + d(l‘z, T:L‘l)
2

M (z1,22) = max{d(x1,z2),d(x1, Sx1), d(x2, TT2),

}

= maz{d(z1,x2),d(xe, Tx2)}.

If M(z1,22) = d(x2, Txs), by

0< d(:L‘Q,ng) = h(sxl,T$2) = /\*d(xg,T$2)/\

we have

[d(za, Ta2)[| < [IA][l|d(22, Tza)|

a contradiction, hence
max{d(x1,x2),d(x2, Tx2)} = d(z1,x2)
and we have d(z2,x3) = A*d(x1, x2)A.
We define a sequence {x,} by zon41 € Txo, and xay, € Szopi1, n=0,1,2,....

So

a(Tp,pt1) = I, Yn € NU{0},

then

(0.3) 0 < d(zon+1, STon+1) = (T2, Sxont1) = XM (22, Tant1)A,
and

(0.4) d(z2n+1, Tant2) = h(Txop, Stont1) X N M (x2p, Toant1)A,

By Lemma 0.17 we have

d(zan41, Txopn) + d(z2n, ST2n+1) _ d(xan, STont1)
2 2
< b[d(mn, Topy1) + g(w2n+1, Sﬂ?2n+1)]

= bmaz{d(zan+1, Ton), d(T2n+1, STon+1)}-
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Then
M (xon, xon+t1) = maz{d(zon, Ton+1), d(xon, TT2n), d(Ton+1, STan41),
d(xQn—i-la T$2n) + d(l‘gn, Sw?n—&-l) }
2
= maz{d(xan+1, Ton), d(T2n+41, STont1)}-
If

maz{d(xoni1, Ton), d(T2n41, STont1)} = d(x2n+1, STont1),

then from (3.3) we obtain

d(zon41, STont1) = Ad(x2n+1, STan11)A

= [ld(z2nt1, Santa) || < [Alld(z2nt1, STonta)ll

which is a contradiction,
hence {z,} is a Cauchy sequence. By completeness of (X, A, d), there exists z € X

such

Vn € NU{0} limy—to00d(n, 2) = 6
= limp—tood(Ton+1, 2) = limp 4 ood(Ton42, 2) = 0.

Since S is a— continuous, limy,—,4och(Sxon 42, 52) = 6.

Therefore

d(z,Sz) 2 bld(z, xan+1) + d(x2n41,S%)] — 6.

So, z € Sz. Similarly, z € T'z.

Thus, z is a common fixed point of T and S.

g

Assuming the following conditions, we prove that Theorem 0.25 still hold for T not
necessarily continuous: In the following we show that the « continuity proprety is

replaced by a new condition.

Theorem 0.25. Let (X, A,d) be a C*—algebra-valued b—metric space with b = 1
and o : X x X — A’ be a mapping.
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Let T,S : X — CB(X) be a pair of generalized rational a,— contraction type for
multivalued mappings
(i)
(ii)
)
)

(X,A,d) is an a— complete

(T, S) is triangular a,— orbital admissible.
(iii) there exists o € X such that . (xg, Tzo) = I for xg € X

(iv) if {zn} is a sequence in X such that a(xp, xny1) = I Vn € NU{0}

and limy 4 ood(Tp, 2) = 0, then there evists a subsequence {T,u} of {wn}

such that a(xypy, 2) = I Yk € NU{0}.

Then there exists a common fized point of T and S in X.

Proof. Let {z,} be a sequence in X such that xo,+1 € Txo, and xaopi2 € STopii ,
n=0,1,2,..., with a(xy,zn41) = I Yk € NU{0} and =, — z € X.

By (iv), we have

(0.5) d(z,Tz) 2 b[d(z, Tan(k)+1) + d(T2nk)+1, T2)]
(0.6) = bd(2, Ton(k)+1) + OM(STopnk), T'2)
(0.7) < bd(2, Tan(ry 1) + DA M (o) )N
Where

d(x2n(k)’ SZ) + d(zv Tx2n(k))
2

M(xQn(k)a Z) = ’I?’L(I.’L‘{d(ZL‘Qn(k), Z)v d(ann(k)? Sl‘?n(k))’ d(za TZ), }

Letting k — oo, we get M (1), 2) — d(2,T%2) and by (3.7) we have
d(2, T2) = bd(2, Doy 1) + DNd(5, T2)A = 1 < []|A)2

which a contradiction.
Then z € Tz i.e, z is a fixed point of T'.
Proceeding in this manner we prove that z € Sz i.e, z is the common fixed point of

T and S. O

We denote @ the class of all functions ¢ : Ay — Ay such that for any bounded
sequence {t,} of positive real numbers, ¢(t,) — I = t, — 6 and ||¢|| < 1

And V¥ the class of the functions ¥ : AL — A, satisfying the conditions:

(i) v is nondecreasing and continuous,

(i) ¥(t) =0 t=10
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Definition 0.26. Let (X, A,d) be a C*—algebra-valued b— metric space with b > I
and o : X x X — A’ be a mapping. Let T,S : X — CB(X) be a pair of generalized
rational a, — 1v— Geraghty contraction type for multivalued mappings if there exist
¢ € ® and ¥ € ¥ such that for z,y € X, with a(x,y) = I, the pair (T, .5) satisfies the

following inequality:

(0.8) a(z, y)p(h(Tx, Sy)) 2 ¢(Y(M(2,y)))-b(M(z,y)),

where

d(x, Sy) + d(y, Ty)
2

M(z,y) = max{d(x,y),d(z, Tx),d(y, Sy), }.

Theorem 0.27. Let (X, A,d) be a C*—algebra-valued b—metric space with b = I
and o : X x X = A'| be a mapping. Let T, S : X — CB(X) be a pair of generalized

rational o, — — Geraghty contraction type for multivalued mappings

(i)
(i)
(ii)

)

(X,A,d) is an a— complete
(T, S) is triangular cs,— orbital admissible.
there exists xo € X such that a,(xo, Txo) = 1 for zg € X

(iv) T and S are a— continuous.

Then there exists a common fized point of T and S in X.

Proof. Let xg € X, construct the sequence {x,} such that zo,y; € Tz, and xo, 2 €

Sxopt1 ,n=0,1,2,..., with a(z,, zp+1) = I Yk € NU{0}. By (3.8) we have

0< ¢(d(1‘1,sx1)) < ¢<h(T:C0,S$1))
= a(zo, z1)Y(h(Tzg, Sz1))

= O(Y(M (o, 21)))- (M (20, 21))
there exists xo € Sx1 such that
Y(d(z1,22)) 2 oo, 21)Y(AM(Two, S21)) 2 (Y(M (0, 21))) Y (M (20, 21)).

With
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M (xg, z1) = maz{d(xg,x1),d(xo, Txg),d(x1, S21), d(xo, Sx1) —i2- d(xl,TxO)}

d($0> le) + d(ajla TZ‘())
2

}

= max{d(zo, x1),d(zo, z1),d(x1, Sz1),
= max{d(zo,x1),d(zo,z1),d(x1,Sz1)}
= max{d(zo,x1),d(x1,S1)}.

If maz{d(zo,x1),d(z1,Sx1)} = d(x1, Sz1), we get

Y(d(z1,521)) < ¢((d(w1, Sr1))) Y (d(21, S21)).
= [[Y(d(z1, S21))|| < ¢ (d(z1, S21)))|l[[Y(d(21, S21))|

which a contradiction, hence max{d(xg, z1),d(x1,Sz1)} = d(zo,x1), then

Pld(xr, 22)) = d(Y(d(wo, 21)))-Y(d(0, 21))

In the same way, for xo € Sx; and z3 € Txs, we obtain

Y(d(z2,23)) = alz1, 22)Y(h(S71, Ta2)) < G(Y(M (21, 22))) (M (21, 22))

where

d(z1,Sxa) + d(z2, Tx
M (21, 22) = max{d(r1,x2),d(x1, S71), d(22, TT2), (21, 572) 5 (2 1)}

= maz{d(z1, x2), d(x2, Tz2)}.
If M (21, x2) = d(x, Ts), we obtain
(d(w, 25)) < B(W(d(r2, Te2))) (2, Tra)).
= [[(d(a2, Ta2))| < (ab(d(w, Twa))) [ (d(z, Tra)|

which is a contradiction, hence
max{d(x1,x2),d(ze, Tx2)} = d(z1,x2)

and we have

Y(d(z2,23)) 2 P(Y(d(w1,22))) Y (d(21,22))

We define a sequence {x,} by zan1+1 € Txo, and xay, € Sxopi1, n=0,1,2,.... So

a(Tp, Tnt1) = 1, Vn € NU{0},
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then

(0.9)

PY(d(X2n41, STant1)) 2 Y(h(Txon, Stont1)) = (Y (M (22, T2nt1)))0 (M (220, T2n41)),
and

(0.10)
P(d(w2n41, Tany2)) 2 V(MTx2n, Swany1)) 2 (Y (M(T2n, T2nt1))) (M (20, Tont1))-

Where
M (xop, Tont1) = max{d(zon, Tont1), d(Xon, TT2n), d(T2nt1, STont1),
d(xon+t1, Txop) + d(x2n, STont1) )
2
= max{d(z2n+1, T2n), d(T2n+1, STant1)}-
If
maz{d(Zani1, Ton), d(T2ny1, STons1)} = d(T241, SToni1),
then

Y(d(Tont1, STant1)) X d(Y(d(Tant1, STant1))) Y (d(T2n41, ST2n41))-

= [[¢(d(x2n+1, STon 1))l < |(P(d(22nt1, STant1))) 1P (d(22n11, ST2ni1)) ]

which is a contradiction, hence maz{d(z2n+1,x2n), d(T2n+1, STon+1)} = d(T2n+1, Ton)

and we have

Y(d(r2n41, STont1)) 2 O(W(d(T2n+1, T2n))) Y (d(X2n+1, T2n))-

Using propreties of ¢ and ¢ we conclud that {x,} is a Cauchy sequence. By com-

pleteness of (X, A, d), there exists z € X such

Vn € NU{0} limy—4o00d(2n, 2) =6
= limp—4ood(Tant1,2) = limy 4 00d(Tont2,2) = 6.

Since S is a— continuous, limy,—och(Sxon42,52) = 6.
Therefore

d(z,Sz) 2 bld(z, xan+1) + d(x2nt1,S%)] — 6.

So, z € Sz. Similarly, z € Tz.



Then T and S have a common fixed point in X.

O

Assuming the following conditions, we prove that Theorem 7?7 still hold for 7" not
necessarily continuous: The following theorem is a consequence of the Theorem 0.28 in
the case of the generalized rational o, — Y — Geraghty contraction type for multivalued

mappings.

Theorem 0.28. Let (X, A, d) be a C*—algebra-valued b—metric space with b = I
and o : X x X — A’ be a mapping. Let T, S : X — CB(X) be a pair of generalized

rational c, — Y— Geraghty contraction type for multivalued mappings

(i) (X,A,d) is an a— complete

(iil) ax(zo, Txo) = I for zp € X

)
(ii) (T, S) is triangular a.— orbital admissible.

)
(iv) if {zp} is a sequence in X such that a(xp, xni1) = I Vn € NU{0}

and limpy— 4 ood(xn, 2) =0,

then there exists a subsequence {T,x)} of {xn} such that a(rnmy,z) = I
Vk € NU{0}.

Then there exists a common fized point of T and S in X.
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