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Abstract

In this work, we generalize theorem of Hardy for the second Hankel-Clifford transform.
Keywords: Second Hankel-Clifford transformation, Bessel-Clifford function.

1 Introduction and preliminaries

Hardy established in [4], the following theorem

Theorem 1.1 Let f is measurable function on R such that
1. |f(z)] < Ce %", for all z € R
2. |f(y)| < Ce BY for all y € R,

where where A, B, C are positive constants.

If AB > %‘, then f =0 almost everywhere.

If AB < }U then there are infinitely many linearly independent fuctions satisfying
1) and 2) .

If AB = %, then the function f is a constant multiple of e=%*, i.e: flz) = ke~ Az*

for some k, where f stands for the Fourier transform of f.
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The main of this paper is to establish an analog of this theorem for the second
Hankel-Clifford transform. There many analogues of this theorem: for the Jacobi-
Dunkl transform, for the Bessel-Struve transform and etc (for example, see [3, 7]).

Now, we collect some basic facts about the second Hankel-Clifford transform. Main
references are [2, 8, 10].

We consider the differential-difference operator D, on (0, 400), given by

2

d d
D, =2— 1)—
I xdx2+(ﬂ+ )dQZ’

where p > 0.
The Bessel-Clifford function ¢, of the first kind of order p such that D,c,(z) =
—c,u(z). Given by ([6])

+oo
(—1)k;€k
CM (.CL') = Z )
—~k(p+k+1)
where I'(z) is the gamma-function.
From the Bessel function of the first kind J,(z), we have
Ju(207) = abe,(w),
ie.,
uler) = a7, (20%),
where the Bessel function J,, was defined in [4] by

T _ s (_1)k T %
2 J“(x)_gkw( thk+1) (5) '

From [1], we have

Vad,(z) =0(1), z > 0. (

In the following we denote I = (0, +-c0) the open interval in R. We define LE (I), 1
p < oo and p > 0, the space of all measurable functions f on I, such that

00 1/p
nﬂmmz(l V@Wﬂm) .

The second Hankel-Clifford transform is defined for a function f € L/ (I), (sce [5, 9]),
by

—_
~—

IN
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b = [ st

The inversion formula of the second Hankel-Clifford transform is defined by

o= [ " e e () )N N

From [9], we have the following relation

ho s = hay, (2)

2 Main result

In this section, we will obtain an analog of Hardy’s theorem for the second Hankel-
Clifford transform. Now, we give the main result of this paper.

Theorem 2.1 Suppose that f is a measurable function on 1 such that
|f(z)] < ce”® (3)

and

—22

|ho,u(f)(A)| < ce

a2
for some constants a > 0 and ¢ > 0. Then the function f is a constant of e o .
In order to prove Theorem 2.1 we will use the following lemma ([11])

Lemma 2.2 Let h be an entire function on C such that

Yw € C, |h(w)] < Ae?l’ (4)

and

Vt R, |h(t)| < A~

for some positive constants a and A. Then h(w) = cont.e” ™", w e C.

Proof of theorem 2.1. First, hs ,(f)()) is an entire function on C. From the following
formulas (1), (3) and (4) for all A € C, we have
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hap (V)| = / " e, (o) f(x)da

) 2k
2\2 vz
+oo  to© 2 )
< 1
= /0 xkzzok'r(wruﬂ)f()”’
+o0 +oo ’)\|k; N
< c/ xte x dx
: 2 Gt )
oo |)\|k +00 "
< n —az g
= C%k'P(knLqul)/ e
+00
|)\|k /+OO thtk 7t1
< —e '—dt
= CZk!F(k+p+1) a kg

*f IA[F T(p+k+1)
ET(E+p+1) arthtl

+o00 |)\|k

IN

Klahtntl
k=0

k
—+00 M
C Z a
artl k!
k=0
c 1Al
== e a
abt1

If [A| < 1, then

c 1
€a

N

2w ()N <

we put ¢ = #e%. Thus, for |A] < 1, we have
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If |A| > 1, then

hau (N S e <
Then, for all A € C, we get

we also have

2

o ()| < ce™a, forall t € R
By Lemma 2.2, we have

2

ho (f)(N) = cont.e s forallt € C

using (2), we obtain

2
f(z) = cont.e”a”

Now, this ends the proof of our main result, namely Generalization of Hardy’s

theorem for the second Hankel-Clifford transform. m
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