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Abstract

The Sylvester-Kac matrix is also known as the Clement matrix The Sylvester-Kac matrix is widely used and
applied both in processing, graphs and other fields. The Sylvester-Kac matrix developed in the paper is the T-
Sequence-Sylvester-Kac matrix The calculation of the determinant, and inverse has always been a challenge
for mathematicians to find. In this paper will be given the formulation of determinant, and inverse of the T-
Sequence-Sylvester-Kac matrix
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1. INTRODUCTION AND PREMILINARIES
The Sylvester-Kac matrix was first introduced by James J. Sylvester in 1854 [8], then research
conducted by Kac found the determinant of the matrix. Some of the developments carried out by
W. Chu, et al [2], [3], [4] then R. Bevilaqua, et al [1], C.M. da Fonseca, E. Kilic [5], [6] and by
Z. Jiang, et al. [7] regarding the Sylvester-Kac matrix both spectrum, determinant and inverse
search.

Definition 1.1. The Sylvester-Kac matrix is a tridiagonal matrix of order n with the main
diagonal zero, one of the subdiagonals (1,2,...,n-1), and the other (n-1,n-2,...,1) i.e. [5]
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Definition 1.2. The T-Sequence-Sylvester-Kac matrix is a Sylvester-Kac matrix type with the
main diagonal a constant and the subdiagonal a sequence which can be written K ,, if

0

t, i=j
(i), = a, Jj=i+1,1<i<n-1, (1.2
i Ant1-; J=i—1 2<i<n
0, else,

where aq,a,,...,a,_1 IS a sequence. Especially when t = 0 the T-Sequence-Sylvester-Kac
matrix is called the Sequence-Sylvester-Kac Matrix.

Note that the T-Sequence-Sylvester-Kac matrix satisfies K, = [,K;.[, where I,
represents the counter identity matrix [7].

2. MAIN RESULTS

In this section we will find the determinant and inverse of the T-Sequence-Sylvester-Kac matrix.

2.1. Determinant of T-Sequence-Sylvester-Kac Matrix
Before giving the determinant of the T-Sequence-Sylvester-Kac matrix, the following theorem
will be given:
Theorem 2.1
Suppose defined

2. 1)
Cni = Z by by, by, X =12..,n

|xE—x1|>1,x;sn
with Cn,O =1for n= 0,1,2,.. and bi = a;ap—i-

If Pi = tpi—l - bi—lpi—Z (l = 3,4, ...,), with pP1 = t, and P2 = t2 —aA1ap_1 = t2 - bl’
then holds

(Tl—l

2
Z (=1)iCp_q t™%, nodd
= 2.2)

Pn = 3

n

2

Z(—l)iCn_l’itn‘Zi, n even
i=0

for n=1,2,..

Proof :
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By using strong induction, it will be proven that the above statement is true
1. Base step
P(1) =p;

0
= DGt
i=

0
= (—1)0C0,0t1
=c

2. Induction step

Assuming that P(2), P(3), ..., P(n) is true then it will be proved that P(n + 1) is true.

Without of generality, suppose n is even then n 4+ 1 odd so that from equation 4.1 by substituting
i =n+1,weget

Pn+1 = tPn — bpbn—1

n n-2
2 =

= tZ(—l)iCn_Lic”_Zi — b, Z(_l)icn—l,itn_l_Zi
i=0 =

n

n
2 2

= Tl—l,Otn+1 + Z(_l)icn—l,itn+1_2i + Z(_l)ibncn—llitn-'-l_m’
i=0 i

i=1
n

2
— Cn,Otn+1 +Z(_1)iCn'itn+1_2i

i=1
n
2
— Z(_l)icn,itn+l_2i
i=0
Which of the last statement can be written

n

—1
2

Pr = ) (~1)iCyeyt™
i=0

forn® =n + 1 odd (proven).
We will now give the determinant of the T-Sequence-Sylvester-Kac matrix as follows:

Note that the T-Sequence-Sylvester-Kac matrix can be written as
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t a
An-1 t a

*
Ka,n—l

a, t ap_4
a; t

and suppose that det(K;,n) = k, By doing row expansion followed by the last column expansion,
we get

kn = thn_1 —ajan_1kn;
= thy—q — biky—»

Note that k; = t, k, = t2 — by, S0 based on Theorem 2.1 we get that
-1
("5
Z(—l)iCn_Lit"‘Zi, n odd
i=0

n

(2.3)

2
2(—1)iCn_1lit”_2i , neven
i=0

2.2. Inverse of T-Sequence-Sylvester-Kac Matrix

Lemma 2.2

The inverse of the T-Sequence-Sylvester-Kac matrix exists if t is not an eigenvalue of the Sequence-
Sylvester-Kac matrix.

So, if t is not an eigenvalue of the Sequence-Sylvester-Kac matrix, then the T-Sequence-
Sylvester-Kac matrix has an inverse which will be given by the following Theorem:

Theorem 2.3
Defined dy = 1, then the inverse entry of the T-Sequence -Sylvester-Kac matrix is
di—ldn—i =1
dy J
i 4 j-i-1
N —1)i+j L) 1_[ ik, 1<j
(Ka,n y ={ =D d, [ i+k ] (2.4)
i-j-1
_1 —7
(=1)itJ J dnn i Q tngary, >

where d; (i = 0,1, ..., n) represents the determinant leading principal submatrix of order i X i of the
T-Sequence -Sylvester-Kac matrix.

Proof:
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Kin = adj(K; )
an det(K; ) ans

Since adj (Ka*,n) = K" where K* is a cofactor matrix of K ,,, so by finding the entries of the cofactor
matrix K, , will get the inverse of the matrix K;,. For i,j # {1,n},, the i —th row contains
[0, ..., ant1-i, t @y, ...,0 ], while the j —th column contains [0, ..., a;_4,t, @y}, ...,0 ]t. Therefore, to
find the entries of the cofactor matrix Kj ,,, we will divide by 3 cases, namely:

1. i=j

For i = j represents the main diagonal entry of the inverse matrix Ky ,,, so K;; = K;;. K;; declares the
determinant of the matrix K ,, by first removing the i — th column. For i = 1 it is obtained that

K1 = (—1)1+1M11
=dp_1.

And for i = n we get that

Knn = (_1)n+nMnn
=dp_1.

As for i,j# {1,n}then the row containing [O,..,a,41-it a;..,0], and the column
containing [0, ..., a;_4,t, a,_;, ...,0 ]* are removed, so that its obtained that

K = (1D My

A O
Kii:|0 Bl
with
t  a,
p-1 1 a
A= - .
An+3-i t aj—2
An+2-i t
t Ajt1
An-(1+i) t  Qit2
B =
Ap—2 U 4
an_, t
so that

Kii = det(A) det(B)
Note that det(4) = d;_,, and
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det(B) = |ii_1Bii_1|
=dn—;.

Therefore, K;; =d;_1d,_;. Note that for i = {1,n} then the equation K;; =d;_1d,_; is also
satisfied because d, = 0. So,

Kijj=di_1dn_, 1=].
2. i<j

Since i <j on adj(Kgy,) then i > j on K;;. Therefore, by removing the i —th row containing

[0, ..., ant1-i, &, @y, ...,0 ], and deleting the j — th column containing [0, ..., aj_1, ¢, an_j, ...,0 ]t, then
we get

1A 0 0
Kj;=(D"|D B 0|
0O E C
with
t aq 1
ap_q t a, |
4 |,
An+3-j t a]—zl
An+2-j t
a; '|
t @s1 |
B = An—(i+)) - "
t a2
An+2-i t al—lj

t Ajt1

An-(1+i)) t  Qig2

aq t
D= [0 an+1—j
0] 0 ’
[0 a,_;
E = n—i
L0 or

so that by using the determinant method for the block matrix, we get
Ki; = (=1)™/ det(A) det(B) det(C).
i-1-j

Since det(A4) = d;_4, det(B) = a;a;4q ... aj—1 = [I;,—y ~ @4k, and

det(C) = |in—iCin—i|
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=dp—;

Therefore, K;; = (—1)'*/d;_, [ @k dn—; fori > j, soon
(adj (Ké'n))i,- = (D™ di1dp-; [ig @ik, for i <.

3. i>j

Since i > j on adj(K,y) then i <j on K;;. Therefore, by removing the i —th row containing

[0, ..., @n41-1,t @y, -..,0 ], and deleting the j — th column containing [0, ..., aj_y,t, @y}, ...,0 ]t, then
we get

A D o
Kij = (—1)l+] 0 B E )
0O 0 C
with
t 1
n-1 t a; |
A= ’
Ant3—i t aj—z
An+2-i t J
[An-i U Qiq 1
B = An43-j t aj_z I,
An+2-j t
an+1—jJ
t ajy1 1
An-(j+1) U Gjy I
C = . . )
a, t ap4
I a; t
[ O 0
b= A1 0]’
L_[0 0
- »aj 0]’

so that by using the determinant method for the block matrix, we get
Ki; = (=1)™*/ det(A) det(B) det(C).

F—i—

Since det(A) = di_l,det(B) = Ap—iAn—(i+1) = An-(j-1) = {(’.:0 1an_(i+k), and

~ ~

C n—il

det(C) = |l
dp_j-
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Therefore, K;j = (—1)™/d;_; [Tvs " @n_(isx) dn_; for i <j,soon

(ad]'(Ka*,n))ij = (—D"™d;_ydy 2" An—(j+k), fOr i > j.

So, by multiplying adj (K, ,) by d, then we get the entries of the matrix K,’;_n"l

3. CONCLUSION

, @s expected. m

From the main results above, it is found that the determinant of the T-Sequence-Sylvester-Kac

matrix can be expressed as

Kon=+"

n—1

Z( 1)iCpo1;t™%', nodd

N‘

tn—Zi

M"": u
A

}—\

v

L 1 , neven

\i=0

where C,,_, ; is stated in Theorem 2.1. While the inverse of T-Sequence-Sylvester-Kac matrix is

expressed as

(Ksn "

ij

di—ldn—i . .
d, t=J
—i—-
(- 1)l+] di—ydn- j 1_[ Qivres
L i
1 . .
(_1)l+]% 1_[ Un—(jrky, 1>
n k=0

where d; represents the determinant leading principal submatrix determinant of the T-Sequence-
Sylvester-Kac. The existence of the inverse matrix T-Sequence-Sylvester-Kac is given by

Lemma 2.1.
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