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Abstract.

The present paper aims to study c-g-woven for Hilbert C*-modules, first, we give some
definitions and fundamental properties which will be useful to introduce this notion. And

also some of his properties are given. Finally, we discuss the perturbation for c-g-woven.
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1.Introduction and Preliminaries

Frames generalise orthonormal bases and were introduced by Duffin and Schaefer [7] in 1952
to analyse some deep problems in nonharmonic Fourier series by abstracting the fundamental
notion of Gabor [10] for signal processing. In 2000, Frank-larson [8] introduced the concept of
frames in Hilbet C*—modules as a generalization of frames in Hilbert spaces. The basic idea
was to consider modules over C*—algebras of linear spaces and to allow the inner product to
take values in the C*—algebras [14]. A. Khosravi and B. Khosravi [12] introduced the fusion
frames and g—frame theory in Hilbert C*-modules. Afterwards, A. Alijani and M. Dehghan

consider frames with C*-valued bounds [2] in Hilbert C*-modules. N. Bounader and S.
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Kabbaj [5] and A. Alijani [1] introduced the x-g-frames which are generalizations of g-frames
in Hilbert C*-modules. In 2016, Z. Xiang and Y. Li [26] give a generalization of g—frames
for operators in Hilbert C*-modules. Recently, Fakhr-dine Nhari et al. [15] introduced the
concepts of g-fusion frame and K-g-fusion frame in Hilbert C*-modules. Bemrose et al. [4]
introduced a new concept of weaving frames in separable Hilbert spaces. This notion has
potential applications in distributed signal processing and wireless sensor networks. Weaving
Frames in Hilbert C*-Modules introduced by X. Zhao and P. Li [29]. For more on frame in
Hilbert C*-modules see [11, 18, 19, 20, 21, 22] and references therein.

We organize the rest of the paper as follows. We continue with this section to collect some
definitions, and basic lemmas which will be used in next. In section 2 we introduce the notion
of continuous g-woven in Hilbert C*-module and discuss some of their properties. In section
3 we discuss perturbation of c-g-woven.

Throughout this paper, (€2, ;1) is a measure space with positive measure p, H and {H,,},,cq
are in Hilbert C*-module and a family of Hilbert C*-module, respectively, and U € End’ (H, K)
is the set of all adjointable operators from H into K. If H = K, then End%(H,H) will
be denoted by H. For each m > 1 where m € N, we define [m] := {1,2,...,m} and
[mc={m+1,m+2,...}.

Definition 0.1. [16] Let A be a unital C*-algebra and H be a left .A-module, such that the
linear structures of A and H are compatible. H is a pre-hilbert A-Module if A is equipped
with an A-valued in product (.,.)4:H x H — A such that is sesquilinear, positive definite

and respects the module action. In the other words,

(i) (x,x)4 >0 for all z € H and (z,z) 4 = 0 if and only if z = 0.
(ii) (ax +y,2)a = alx,2) 4+ (y,2)4 for all a € A and z,y,z € H.
(ili) (z,y)a = (y,2)% for all z,y € H.

For x € H we define ||z|= ||<l‘,l’>AH% If H is complete with ||.||, it is called a Hilbert A-
module or a Hilbert C*-module over A.

For every a in C*-algebra A, we have |a| = (a*a)% and the A-valued norm on H is defined
by |z| = (33*:1:)% for x € H.

Let H and K be tow Hilbert A modules, A map T : H — K is said to be adjointable if there
exists a map 1™ : K — H such that (T'z,y) 4 = (x,T*y) 4 for all y € K and = € H.



JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI 566
Nadia Assila, M hamed Ghiati, Mohammed Mouniane, Mohamed Rossaf

Definition 0.2. [27] Let T € End’(#,K), then a bounded adjointable operator 177 €
End(H,K) is called the Moore-Penrose inverse of T if TT'T = T, T1TTT = Tt (TT")" =
TT! and (T1T)" = T'T.

The notation T is reserved to denote the Moore-Penrose inverse of T. These properties
imply that T is unique and 71T and TTT are orthogonal projections. Moreover, Ran (T T) =
Ran (T1T) ,Ran(T) = Ran (TT") ,Ker(T) = Ker (T'T) and Ker (T1) = Ker (TT") which
lead us to K = Ker (T'T) @ Ran (T'T) = Ker(T) & Ran (T") and H = Ker (T") @ Ran(T).

In [27] Xu and Sheng showed that a bounded adjointable operator between two Hilbert
C* modules admits a bounded Moore-Penrose inverse if and only if the operator has closed

range, we refer the readers to [9, 23, 24] for more detailed information.

Lemma 0.3. [16] Let H and K two Hilbert A-module and T € End(H,K). Then, the

following assertions are equivalent:

(i) The operator T is bounded and A-linear,
(ii) There exist k > 0 such that (Tx,Tx) 4 < k{(z,x)4 for all x € H.

Lemma 0.4. [3]. Let H and K be two Hilbert A-modules and T € End’y(H,IC). Then the
following statements are equivalent:
(i) T is surjective.
(ii) T is bounded below with respect to norm, i.e., there is T > 0 such that ||T*z| > 7||z||,
forallx € K.
(iii) T is bounded below with respect to the inner product, i.e., there is ¢ > 0 such that

(T*x, T*x) A > ({x,x) 4, for all x € K.

Lemma 0.5. [28] Let (£2, 1) be a measure space, X andY are tow Banach spaces, A : X =Y

be a bounded linear operator and f : {2 — 'Y measurable function, then

N[ g = [ oy

The following definitions were introduced by M. Rossafi et al. in the paper entitled " Integral
frame in Hilbert C*-module” (see [17]). Let (€2, ) be a measure space, H and V be two
Hilbert C*-modules over a unital C*-algebra and {Hy}weq is a family of submodules of
End’y(H,Hw) is the collection of all adjointable A-linear maps from H into H.,,.

We define, following;:

l2(Qa {Hw}wGQ) = {F = {Fw}wEQ By € Hwa

[ 1EPautw)| < oo}



JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI
Nadia Assila, M*hamed Ghiati, Mohammed Mouniane, Mohamed Rossaf

567

For any F' = {Fy}wen and G = {Gy}weq, the A-valued inner product is defined by
(F,G) = [o(Fu,Gy)adp(w) and the norm is defined by [|F| = ||(F, F>H% In this case
the 12(Q, {Huw }weq) is an Hilbert C*-module (see [14]).

Definition 0.6 ([13]). A family A := {A,, € End’(H,H.)}weq is called a continuous g-frame
(or briefly ¢ — g— frame) in Hilbert A module H with respect to {H, },eq if

(i) the mapping
Qr— A
W <Awf, Awf>A

is measurable for any f € H.

(ii) there exist constants 0 < A < B < 400 such that for each f € H,

(1) Af,fya < /Q (At A f)adu(w) < BU. ).

If A, B can be chosen such that A = B, then {A,}ucq is called a tight ¢ — g— frame and if
A = B =1, it is called parseval c-g-frame. A family {A,}ucq is called ¢ — g— Bessel family
if the right hand inequality (1) holds and the number B is called the Bessel constant.

The continuous g— frame operator Sy on H is defined by:

Sa(f) = /Q AAwfdu(w),  feH.

Theorem 0.7. Let {A,}weq be a continuous g— Bessel family in H with respect to {Hy }wea
with the bound B. Then the mapping Ty on 1*(2, {Huw}weq) to H is defined by

TaFg)a= [((ALF@).gladn(w). P PO (Huduea) g € 1,
is linear and bounded with | Th||< V/B. Furthermore, for each g € H and w € Q,
Ti(9)() = Aulo).
In the continuous g— frame operator Sy = TA\Ty is defined by
Sh:H— H,

(Saf,9)a= /ﬂ(f, ALALg) adp.
Therefore,
Al < Sy < BI

and we obtain, if {Ay}weq is a ¢ — g— frame, then Sy is positive, self-adjoint and invertible

operator.
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Proof. For any F € I>(Q, {Hw }weq)
ol = sup [(TaFog)all = su | [ (A5 (o))
llgll=1 lgll=1 11/
= sup / (F(w), Awg) 4 duH
llgll=1 1/
! !
< sup /<F, F>AduH H/ (Awg, Aug)a du
lgll=1 11/ Q
< VB||F]|.
Next, we show that Sy is a self-adjoint operator
(Safig)a = (TATyf,9)a = (f, TaATyg)a = (f, Srg) A
Or, by using the notation from opertor theory, we get
Al < Sy < BI,
thus Sy is a positive operator furthermore
0<I—B7'S) < B_AI,
B
and consequently
HI_BilSAH: ||?fl||lp H<I_Bilsl\f7f>AH < — < 17
=1
which shows that Sy is inverstible. O

The following Definition is a generalization of the Definition 3.1 in [25], for Hilbert C*-

modules.

Definition 0.8. A family of c-frames {F,, },cq icim) in Hilbert C*-module H with respect
to p is said to be c-woven if there exist universal same positive constants 0 < A < B < o
such that for each partition {0 };c[,) of 2, the family {Fl, }oco, ic[m) 15 @ c— frame in Hilbert

C*-module H with bounds A and B. Each family {F,, },cs, ic[m] is called a weaving.

2. Continuous weaving g-frames
In this section, we introduce the notation of continuous g-woven in Hilbert C*-module and

discuss some of their properties.
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Definition 0.9. Two c-g-frames A := {Ay, € End}(H,Ho)}wea,icpm and T' := {T, €
Endy (M, Hw) wen,icim) are said to be continuous g-woven (or ¢ — g—woven) if there exist
universal constants 0 < A < B < oo such that for each partition {;};c[y, of 2, the family
{Aw; Yweosicim) Y AT w; Jweo, icim] 18 @ ¢ — g— frame in Hilbert C*-module H with bounds A
and B, respectively, that is

(2) AU f)a < / (B o Moo () + / (P f. T f) adpi(w) < BUF. £ a.

o o€

In the above definition, A and B are called universal ¢-g-frames bounds.
It is easy to show that every c-g-woven has an universal upper c-g-frame bound.
Indeed, let {A,}weq is be a c-g-Bessel family in Hilbert C*-module H with bounds B; for

each i € [m]. Then, for any partition {o;};cm) of 2 and f € H, we have

S [ et b fradi < Y [ Ao fadn < (Y B
g1 i€[m] {

i€[m] i€[m]

In the next results, we construct a c-g-woven by using a bounded linear operator.

Theorem 0.10. Let {Ay, }oeq,icim) be a c-g- woven in Hilbert C*-module H with universal
bounds A, B. If T' € End(H) has closed range, then {Aw,T*},cq icim) 18 @ ¢ — g— woven
for R(T) with frame bounds A||Tt||~2 and B||T||.

Proof. First, since T*f € ‘H and w — (A, f,Aw, )4, is measurable for any f € H and
i € [m],then w —— (Aw, T* f, A, T* f) 4, is measurable for any f € H and i € [m]. On the
other hand, for each f € R(T), we have

AN Sl = AT TT A
= AT |
= Al(T T £
< Al@HIPIT £

< ANTHIPIT™F, T f) Al

<) s /Q (A T* f, A T ) adp
i€[m]
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So,

ANTH2 10 Fall < Z/ (A T, Ao, T f) adt

i€[m]

<3 BT ST fal

i€[m]

< B|TIPII{f, f)all-

g

The following result presents a relationship between the norms of the ¢-g-frame operator

of the original ¢-g-frame and the weaving.

Theorem 0.11. Let {Ay, }oe0 icim) be a c-g-woven in H with universal bounds A and B. If
SX) is the c-g-frame operator of {Ay, tweq for each i € [m], Sp ., represents the c-g-frame
operator of {Aw, Yweq,icim) for each partition {o;}icim) of and S() ~ denotes the c-g-frame

operator Sz(\) with integral restricted to {o;}, then for each f € H,

SO¢SY 180 1 al< BISaw I f)all
1€[m]

Proof. Suppose that f € H. We can write

SIS £ 88 Pal = ZHSA(;JHQ
1€[m]

[m]
_ Z(sup 1(SY) . g).all)?

i€[m)] llgll=

= > Csup (T (T, Frg)al)?

i€[m)] llgll=

< 3" BT ) ) ) F) Al

=B 30| (S Ao )]

1€[m]
< Bl[{Sac.f5 ) all

< Bl[Saa: llI(F, £ all-
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Theorem 0.12. Let 2; C (2 be measurable subsets for all i € [m], and let F; and G; be
c-frame mappings on §2; for H,, with the pair frame bounds (Ar,, Br,) and (Ag,, Bg,) re-
spectively, for each w € Q. Assume that A,,;, 0., € Endy(H,$Y;), for any i € [m] such that
{Aw; Yweqiicim] and {Oycq icim) are strongly measurable. Then the following assertions are

equivalent.

(D) {A%, Fitwea,ieim) and {07, Gitweq,icim) are c— woven in Hilbert C*-module H.

(ID) {Au, }uwe,icim) and {Ow, fweq,icim] are ¢ — g— woven in Hilbert C*-module H.

Proof. (I) = (II). Suppose that o C {2 is measurable subsets and f € H. Let {A}, Fi},c icim)
and {O}, Gi}yeq,icim) are c-woven in H, with universal frame bounds C, D and A = inf{AF,, Ag, }.

Then, for each i € [m], we have

A / (B f Ao ) adps(w) + A / (O, O, f) adi()
/ Ap (Mo o M ) adds( / Ac, (O f. O f) adp(w)

< [ [ 10t F@aPin@an) + [ [ 1000, 6@ aPdua)nte)

= [ | e meataun) + [ 145,60,6 @A du(@due

< D(f, fa-

With the same way, we conclude that

B / (Ao A ) alPdpi() + B / (O £ O f. ) alPdis(w)

> [ A F@ardu@ine) + [ [ 105056 aPdudnte)

2 C(f, f)a,

where B = sup {BF , Ba,, } Thus, we obtain that {A,, } jand {O,, }

wEQ,i€[m ] are c-g-woven

weN,i€[m
for H with universal frame bounds % and —.

A
(II) = (I). Suppose that {Au,},coicim and {Ow}ycq icim) are c-g-woven for H with universal
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frame bounds C' and D. Now, we can write for each f € H,

[ 1 ) it e // 1100, Gi(a)) P () ()
= [ | 1t F@palduyine) + [ [ 1©.f,Guta)) aPdu(a)ate

/ Ary (M o Mo, ) adpi(w / Ag (O frOu f) adp(w)

>4 ( [t Afradut) + [ (001,001 aii))

> AC(f, ) a-

Also, we can get

|| s adnine) + [ [ i5.00,6 @) adu@)ane) < BDY. 1)

So, {A;, F;} and cen

are c-woven for H, with universal bounds AC and BD.

O

weN,i€[m weR,i€[m]

Theorem 0.13. Let {A,,} cq be a c-g-frame in Hilbert C*-module H with frame bounds A;
and B; for each i € [m]. Suppose that there exists M > 0 such that for all f € H,i # k € [m)]

and all measurable subset A C ()

[ = 8 £ = A0 1) )|

SMmin{

<Awif> szf>A d,U,(W) )
A

[t bt |

Then, the family {Aw,},cq icm) s a ¢ — g-woven with universal bounds

A
(m—-1)(M+1)+1

and B

where, A =3 c Ai and B =3 o Bi.
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Proof. The upper bound is evident. For the lower bound, suppose that {Ui}ie[m] is a partition
of @ and f € H. Therefore,

S At fa) < X [ (Ao fadu(e)
iem] 7%

1€[m]

IA

- Z Z / <Awif7Awif>Adﬂ(W)
i€[m] ke[m] ¥ F

IN

) ( /0 (Mo f, N, ) adpi(w)

ke[m] Y 7k

<> /(Awa,A adp(w Z/ (M + 1) (Aw, [, Ay £ adp(w)
igfm] \ "7 A
={(m—1)(M +1)+1} Z/ (Mo fy Moo, fadp(w)|f -
i€[m] " 7t

3. Perturbation For C'-G-Woven
Perturbation of frames has been discussed by Cazassa and Christensen in [6]. For weaving
frames, Bemrose and et al. have studied in [4], also Vashisht and Deepshikha presented for

continuous case in [25]. We aim to present it for c-g-woven.

Theorem 0.14. Suppose for each i € [m], the family {A,,} cq is a ¢ — g-frame in H with
frame bounds A; and B;. Assume that there exist constants \;,n; and ~v;(i € [m]) such that
for some fixed n € [m],

A=A, - Z (M%-m\/Bin—i-%\/Ei) (\/Bin-F\/B»z) >0

i€[m]\[n]

_A* )ag>Ad,UJH <

| [ s F)0) |+ [ (82 00) g 51

for every F € 1?(Q, {Hw}weq) and g € H. Then for any partition {O’j}je[m] of 0, {Ay,}

w€oj,j€[m]
is a c-g-frame in Hilbert C*-Module H with universal frame bounds A and Zie[m] B;. Hence

the family of c-g-frame {Awi}weQ,z‘e[m} s woven in Hilbert C*-Module H.
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Proof. 1t is clear that {Ay, f},c o;.j€lm] is strongly measurable for each f € H and any parti-
jepm) Of €2, also the family {Ay,;}
>icm) Bi- Now, we show that {A,,}

tion {0}

we,icm] is a c-g-Bessel family with Bessel bound

weicm] has the lower frame condition. Assume that

Ty, is the synthesis operator of {Ay,} Then for any F € 1?(Q, {Huw weq) for any,

€ [m]\{n}, we have

w€eN,i€[m]"

(T, —Ta,) F| = Hshlp [{((Th, — Ta,) F(w), g) 4|
g_

= sup (T, F(w) — Ta, F(w), g) 4|
g

= s [{Ta, F(w), 9) 4 = (Ta, F(w), 9) 4|
oll=

:Hshlplw ), TR,9) 4 — (F(w), T, ) ||
g

= sup |(F(w), Au,g) 4 — (F(w), Aug) 4
llgll=1

= sup [[A%, F(w),g).4 = (ALF(w).9) |

/< e —AL) >79>AduH

= sup
llgll=1
< n; sup /(AZZ” 9>AduH+% sup /(AZiF(w),gMduH
llgll=1 1/ lzl=1 I/
+ A || F|

= i [ Ta, FI| + i ([T, Fll + A | F
< iV By | Fll + v/ Bi [|[FIl + X || F|
— (v/Bu+2v/Bi+ X)) IF1l.

Thus,
(3) ||TAn _TAiH < 772‘\/5‘1"}%\/ B; + ;.
For each i € [m] and o C Q, we define

T;(o) : (@wEUHwa M)L2 — H

(117¢, h / (A2 G
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for all G € 1?(, {Hw }weq), we have

];(J)G

= ITx, (G X0l
< ITa G
< T,

<V Bi||F|l2

thus, TZ-(U) < V/B;, for each i € [m]. Similarly with (3), we get for each i € [m]\{n},

<0/ By + i/ Bi + \i.

T(U) _ ];(‘7)

n

For every f € H and i € [m]\{n}, we compute

(2 (1) =2 (r) ) o] < | (2 () =m0 () )
(7 () = (1)) 1]

() = (=7)) 4]

| (=) 4]

< (Ui\/BinJr%\/Biz‘Jr )‘i) (\/Fn+ \/Bi) II£1]-

< |7

Now, suppose that {Ui}ie[m] is a partition of {2 and T\ be the synthesis operator associated

with the c-g-Bessel family {Awi}weﬂ,ie[m]7 we have
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ITXFIP = 1(f, TATRS) Al

2/ (F AL A f) y dpi(w)

i€[m]

- / (PN A £ dia() + / (A5, A f) g dilw)  + .

= / (FAL A f) g dp(@) 44 ) / (f: AL A ) 4 i)

1€[m]

p> / (AN @) + [ (FN, M) g ()

i€[m]\{n}
- H /Q (F A5, A f) 4 dpa()

> (/ (F AL A )y () — /Ch(f’AZiszﬂAdu(w))
> H /Q (, Az:nAwnf>A du(w)H -

/ (50 A ) i) = [ <f,A::Z.Awif>Adu<w>)H
i€[m \(n i

>4l pla— S (T (1) £.0) (T (1) 1.8)

i€fm]\{n}

Al la = X I Pl (T8 (10) =1 (7))
i€[m]\{n}

> A= S I Dlla (mVBa +%VBi + X)) (VBa+ VEB:)

ic[m]\{n}

=A(f, f)a.

0

Corollary 0.15. For each i € [m], let the family {Ay,},cq be a ¢ — g-frame in Hilbert
C*-module H with frame bounds A; and B;. Assume that there exist constants \;,n;,7;(i €
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[m —1]) and n € [m] so that

A=A - > ()\i+77i\/§i+%\/m> (\/E-Jr\/ﬂ) >0

i€lm—1\{n}

and

/Q <(A2i - Z;(z‘+1)> F(w),g> du“ <

| [ s )+ | [ (8 Ploda) a4 e FLAE,

for every F € 1?(Q, {Hw }weq) and g € H. Then for any partition {O‘j}je[m] of 0, {sz‘}weaj,je[m]
is a c—g -frame in Hilbert C*-Module H with universal frame bounds A and Zie[m] B;. Hence

the family of c-g-frame {sz'}weﬂ,ie[m] is woven in Hilbert C*-Module H.
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