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Abstract

Metric dimension is a topic in graph theory that has been developed in terms of the concept and its
application. Let G be a connected graph and S be a vertex subset on G. The set S is called a resolving
set for G if every vertex on G has a distinct representation of one to each other of S. A resolving set
containing a minimum cardinality is called basis. The metric dimension on G is cardinality of basis
on G, notated with dim (G). In this case, the cross-product graph will be used for the research. The
aim of this research is to determine the metric dimension of the second order complete graph (K,)
with honeycomb network (HC(n)) cross-operation product. Utilizing direct proofing, we generated
d (K, x HC(n)) = 3.
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1. INTRODUCTION AND PRELIMINARIES

Graph is a pair of sets, the first of its element is called a vertex, while the other of its element
is a pair of vertices, which are called an edge [14]. Several classes of simple graphs have distinctive
features such as paths, cycles, wheels, complete graphs and others. A complete graph is a special
graph in which every pair of its vertices is adjacent [6]. Complete graph, which has n vertices
notated with K,,. One of special graph classes for instance is honeycomb network. According to
[12], n — dimension honeycomb network denoted by HC(n), wherein n tells the number of
hexagons from centre hexagon to the most surface one. Let u and v be the vertices in connected
graph G, the distance between u and v on graph G is the minimum length of a path between u and
v on G denoted by d(u, v). Representation of a vertex v towards set S in graph G is the distance of
vertex v to each vertex in S, denoted by r(v|S).

One topic of the study in graph theory is metric dimension. Metric dimension in graph theory
firstly occurred at 1975, specifically written in [5] and [16]. For theoretical purposes, the metric
dimension provides insights into graph structure, aiding in understanding vertex distinguishability,
classification of graph families, and contributing to problems in combinatorial optimization and
graph algorithms. In terms to obtain the metric dimension of a certain graph form, formerly required
subclasses analysis in order to facilitate metric dimension investigation in general [11]. Let u and
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v be the vertices in connected graph G with S c V(G). If the representation of r(u|S) # r(v|S),
then set S is called a resolving set. Minimum cardinality of a resolving set S on graph G labelled as
metric dimension of graph G denoted by dim (G) and S is called a basis of G [17].

Discussion on metric dimension of special graph had been studied by several graph theory
researchers. [21] characterized the graphs for which the edge metric dimension of graphs is n — 1.
Recently, [18] gave the characterization of all connected bipartite graphs with edge metric
dimension n — 2, which partially answers an open problem of [21]. They also investigated the
relationship between the edge metric dimension and the clique number of a graph G. In the year of
2000, [2] acquired dim (K,) isn — 1 forn = 3,dim (C,)is2forn =3 anddim (G) =n— 2 if
onlyifG =K, 5 (r,s=1),6 =K, +K;(r=1,s=2)orG =K, + (K; UK;) (r,s = 1) forr +
s = n. In the year of 2005, [10] found these results: dim (P,, X B,) = 2,dim (P, X K,;) =n—1

forn >3, dim (W,,) = l2n+2J for n & {3,6} where W, ,, is a wheel graph with an order n + 1,

5
dim (Fi,) = lzn;zl for n & {1,2,3,6} where F, ,, is a fan graph with an order n + 1. The other

results shows that dim (B, X C;,) = { g Ié?lllz 2321;1 m =1

. 4,if m, n are even
dim (G X ) = { 3, otherwise.

cross operation product can be presented as follows.

and

' Metric dimension of complete graph with cycle graph

m, if m = 4 and n is odd;

Theorem 1.1 For m > 4, dim (K, X C,) = {m _ 1 otherwise

Theorem 1.2 Form < n,

. n—1,if 2m—-2 < n;
dim (K, X K,) = { l2m+2n_2J fom—2>n
3 ! -

[10] also stated that if graphs G and H are a simple graph, where |G| and |H| represent each of
the cardinality, then:
max{dim (G),dim(H)} < dim(G X H) < min{dim(G) + |H|,dim(H) + |G|} — 1,
2 <dim(G) £ dim(H) < dim(G X H) < min{dim(G) + |H|,dim(H) + |G|} — 2,
dim (G) + dim (H) < dim (G + H),dim(G) < dim(G X K;) < dim(G) + 1,
dim(G) < dim(G X B,) < dim(G) + 1, and
, dim (G) + 1,if nis odd;
dim(G % Cu)} < {dim (G) + 2,if nis even.
dim (G) < dim(G X K,) < dim(G) + 1, dim (G) < dim(G X P,) < dim(G) + 1, and
, dim (G) + 1,if nis odd;
dim(G % Cu)} < {dim (G) + 2,ifnis even.
Another finding of [10] is if G =T + e be a graph with one cycle, then dim (T) — 2 <
dim(T + e) < dim (T) + 1.[9] in their paper summarized the results as follows:
(i) Let G be a connected graph and H be a graph with order at least 2. Then:
, _ (|G|l dim (H),if H contains a dominant vertex;
dim (GO H) = { |G| dim (K, + H), otherwise.
(ii) Let G and H be a connected graph, then dim(K; + H) = dim (H) + 1.
(iii) dim (GO K,) =G| (n—1),n > 2.
(iv) dim (G © H) = |G| [Zn”J, forH € {C,, P,}and C,, B, do not contain a dominant vertex and

5

dim (K, + H) = [Z"S”j
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Some other interesting results on the metric dimension and references can be found in [19] and
[20]. In accordance with [2] finding, stated that dim (S,) =n — 2, so that dim (G © S,) =
|G|(n — 2). [13] also obtained dim (HC(n)) is 3 and if follows that [10] found dim (G) <
dim(G X K,) < dim(G) + 1, such that dim (HC(n)) < dim (HC(n) X K,) < dim(HC(n)) +
1. Thus, 3 < dim(HC(n)) X K;) < 4. Inthis paper, it will be given the metric dimension of graph
HC(n) x K, scientifically, specifically it will be shown that dim(HC(n) X K;) = 3.

This research utilized literature study method using related and relevant references of scientific
works, which are 3 books and 18 journals. The methodology will initiated with the construction of
second order complete graph with honeycomb network cross operation product. The largest lower
bound and the smallest upper bound of metric dimension for graph K, x HC(n) will then be
determined afterward, leading to the final result, dim(K, x HC(n)) = 3.

2. MAIN RESULTS

Various writer described their own unique definition of graph. According to [3] and [6], simple
graph G isa pair (V(G), E(G)), with V(G) is a finite and not empty discrete set, which its element
is called vertex and E'(G) is called a set pair whose elements are unordered and distinct from V (G),
which is named edge. Mathematically, graph G = (V(G),E(G)) with V(G) =
{u: uis called vertex} is called vertex set and (E(G)) = {(u,v):u,v € V(G)}, with (u,v) is
called edge, lateral or line and E (G) is called edge set. In the following discussion, (u, v) edge only .
be written as uv. For every empty graph denoted by (, ), also can be written as { }. Graph with order
0 or 1 said to be trivial [4].

There are a number of graph classes, a few among them are complete graph, one of special
graph, whose every both of its vertices are neighbour, which is denoted by K,,. As a consequence,
each vertex in complete graph has the same degree. Honeycomb network built from a number of
cycles Cg, denoted by HC (n) with n = 2 is the layer order n within a honeycomb network. There
are a number of operations of graph. One of it is cross operation. Defined in [8], let G be a graph
with vertex set V(G) and edge set E(G), H be a graph with vertex set V(H) and edge set E(H),
then: cross operation graph between G and H written as G X H, be a graph with vertex set
V(GxH)=V(G)xV(H) and edge set E(GXH)= {xylx = uyvy, y =uyvy; uy =
u, and v,v, € E(H) or v; = v, and uju, € E(G)}. Metric dimension of graph G notated with
dim (G) is a minimum resolving set, which is called basis [1]. Furthermore, [15] given following
statement.

Definition 2.1 Let S € V(G) and S = {vq,v,,v3, ..., Vi }. Vertex representation r(v|S) of vertex
v towards S presented as [d (v, v1), d(v, v3),d(v,v3), ... ,d(v,v;)]. SetS < (G)
is called a resolving set if r(u|S) # r(v|S) for every vertex u, v € V(G) withu #
V.

Theorem 2.1 Let G be a honeycomb network, which is denoted by HC(n), then dim (G) = 3.
[13]

This paper wiil be discussing about the metric dimension graph K, and graph HC(n)
determination. Honeycomb network concept is explained below. Honeycomb network HC (n) with
n > 2 is the layer order n of honeycomb network, obtained with sticking an amount 6(n — 1) of
cycles Cg on the outermost layer HC(n — 1). The total number of honeycomb network’s vertices
is [V(HC(n)| = 6n? and the total number of the edges is |E(HC(n)| = 9n? - 3n. So that
honeycomb network HC (n) is a graph with vertex set and edge given as following
VHC()) ={u;; 11 <i<n1<j<12i—6} (2.1)
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E(HC() ={(uijuij41) |1 <i<n1<j<12i—-6}U
{(uyjouz3-1)) |2 <j < (12(i + 1) — 6) + 1 mod 6} U
{(uijitiisrje1) |2 < i< nj =246,...,j; withj, = 2iand |j| = i} U
{(upupaje) | 2<isnj=j+1Lj1+3,j1+5 ... jz and |j| = }U
{ijuigrjas) |2 i<nj=j, +1,j,+3,j, +5,...,jz and |j| = i} U
{uijugrjer) |2<i<nj=j3+1js+3,j3+5, ... jsand |j| = i} U
{upupaje) [2<isnj=js+1js+3,js+5, .. jsand |j| = }U
{Uij ttivrje11) |2 SiSnj =js +1,js +3,j5 + 5,0 J6
with jgs = (12i — 6) + 1 mod 6 and |j| = i} (2.2)
withj =12i —6,j + 1 =j + 1mod (12i — 6).

The largest lower bound of dim (K2 X HC(n)) given by Carmen et al. (2005) presented in this
following theorem.
Theorem 2.2 For any graph G, dim(G) < dim(K, X G) < dim(G) + 1.

Based on vertex set dan edge set labelling of graph HC (n), the labelling of vertex set and edge
set of a graph i(; X HC(n) presented as following with au; ; only be written with u; ; and bu; ;
only be written with v’ ;.

V(K x HC(m)) ={u;; |1 <i<n1<j<12i—-6}ufu;;|1<i<n1<j<12i-6}
(2.3)
E(K, X HC(n)) =
{wjujp)|1<i<n1<j<12i-6}U
{(uy,j,u3¢-1)) | 2 <j < (12(i + 1) = 6) + 1 mod 6} U
{(uijottisrjsn) |2 ST S j = 2,46, ..., j, withj, = 2i and |j| = i} U
{Qijtiprjes) |2 i<nj=ji+1,j3 +3,j1 + 5.,z and |j| = i} U
{(Uijittiprjes) |[2<Si<nj=jp+1,j,+3,j,+5,...j3 and |j| = i} U
{(ipuisije7) |2<i<nj=j3+1,j3+3,j3+5, ... jsand |j| =i} U
{ij i jao) |2<i<nj=ja+1,js+3,j,+5,..,js and |j| = i} U
{(uijsttivrjr1)| 2Si<mj=js+1,js+3,js +5,...Js
with jo = (12i — 6) + 1 mod 6 and |j| = i} U
{@Wijwiji) [1<i<n1<j<12i-6}U
{1 unsg-1) |2<j<(12(+1)—6)+ 1mod 6} U
(WijWisjsn) |2 S i< nj =246, .., withj; = 2iand |j| = i} U
{WijWisrjes) |2Si<nj=j1+1Lj1+3,j1 45, and |j| = 3 U
{Wjitisrjes) |2SiSnj=j,+1,j,+3,j,+5, ..., jzand |j| = i} U
{Wju' i jer) | 2Si<nj=j3+1,j3+3,j3+5, ... juand |j| =i} U
{WijWisjso) |2Sisnj=ja+1,js+3,js+5,..,js and |j| = i}V
{(Wip W) 2 iSnj=js + 1js +3,js +5, s
with jo = (12i — 6) + 1mod 6 and |j| = i} U
{ujuipl1<isn1<j<12n-6} (2.4)
withj =12i — 6,j + 1 = j + 1 mod (12i — 6).
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Based on vertex set and edge set of K, x HC(n) definition, for 1 < i,k <nand1 <j,l <
12i — 6, obtained some characteristic related to vertices distance on graph K, x HC(n) as follows.

0, fori=kandj=1
1, fori=kandj=1l—-1orj= 12i—6
ori=k—1andj= 12i—6
) fori=kandj=1-2o0rj=1-—4i?
' ori=k—1landj=lorj=1-2,
Lod'sj,u's) = orj= 12i—901'”j= 12i -7
b1 fori=k=nandl=12i_4forj=1,
i—1, - -
1= 2 40rl=12; 8forj>1(odd),
l= 12;_2 orl= 12;+2 forj =2 (even)
(0, fori=kandj=1
1, fori=kandj=1—-1orj= 12i—6
ori=k—1landj= 12i—6
2 fori=kandj=1-2o0rj=1-—4i?
’ ori=k—1landj=lorj=1-2,
2. d(; ;') =4 orj= 12i—9(?rj= 12i -7
b1 fori=k=nandl=12;_4forj=1,
i—1, - .
l= %orl=12; 8forj>1(odd),
1= 222 0r 1 =222 £0rj > 2 (even)

2
r 0, fori=kandj=1
1, fori=kandj=1l—1orj= 12i—6
ori=k—1landj= 12i—6
2, fori=kandj=1—2o0rj=1—4i?
ori=k—1landj=lorj=1-2,
3. d(uyj,u'y,) = orj=12i—9o.rj=12i—7

4 fori=k=nandl=12;_4forj=1,
i, , _
=222 or 1= ? forj > 1 (odd),

L l= 12;_2 orl= 12;+2 forj =2 (even)

In a forward discussion, there will be an explanation on metric dimension of graph K, x HC (n)
for n € Z*. To investigate the metric dimension on graph K, x HC(n), initially determined the
largest lower bound and the smallest upper bound on the metric dimension of the graph. Metric
dimension is requiring resolving set W with minimum cardinality. Based on Theorem 2.2, we
obtained the largest lower bound of K, X HC(n) is 3 < dim (K2 X HC(n)) < 4. Given the main
result of the research shown in these following propositions.

Proposition 2.1 Given graph K, x HC(3), then the metric dimension of graph K, X HC(3) is
dim (K, x HC(3)) = 3.
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Proof:

According to Equation 2.3 and 2.4, we obtained the vertex set and the edge set of a graph K, X

HC(3) as follows.

V(K, xHC(3)) ={uy;|1<j<6}Ufuy;|1<j<18}ufus;|1<j<30}u
{uyjl1<j<e6lu{u,;l1<j<18}u{u;;|1<j<30}

E(K; x HC(3)) = {(uy j,u1j41) | 1 < j < 63U {(uyjugje1) |1 <j < 183U
{(u3,j:u3,j+1) |1<j<30}u {(ul,j:u2,3(j—1)) |2<j<6}u
{(ugjusjsr) | J =240 {(uzjousjs3) | =57}u
{(ugjusjrs) | j =810} U{(uzjusjs7) | j = 11,13} U
{(uz,j:u3,j+9) |j = 14,16} U {(uz,j:u3,j+11) |f =17,19} U
{(ul1,j'u11,j+1) |1<j<6}u {(ulz,j'ulz,jﬂ) |1<j<18}u
{W'3u341) |1 <j<303U{y)u'23g-1) |2<j<6}U
{2 uW'341) | =240 {2 ;U5 )43) | = 573U
{(ulz,j'ul3,j+5) |j = 8,10} U {(ulz,j'u'3,j+7) |j =11,13}u
{23 )40) | ] = 14,16} U{(W'5 ;U3 j411) | j = 17,19} U
{upu'r))11<j<6}u{(uy;uz) 1<) <18}u
{(usju'5) |1 <j <30}

with 7mod 6 = 19 mod 6 = 31 mod 6 = 1.

Figure of graph K, x HC(3) could be shown at Figure 2.1.

’

Uy, i U2z iu'3’11
P o ,

Wiy ﬂ 28 ‘u 312

7 Y
U29 | U343

]
, w310 ‘“ 314
Uz
1 \'/
” ¥
.

Figure 2.1. Graph K. X H((n)

Refer to Theorem 2.1, which is stated that dim (HC(n)) = 3,withHC(n) € K, X HC(n) and
Theorem 2.2, which is stated that dim(G) < dim(G X K;) < dim(G) + 1, then its largest lower
bound is dim (K, x HC(3)) = 3. In addition, it will be shown that its smallest upper bound is
dim (K, x HC(3)) < 3. Choose the subset V (K, x HC(3)), write W = {u3,u'57,u3 11} 5O that
we obtained the representations for every vertex on graph K, x HC(3) toward W given as follows.
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J r(u, W) r(u's, W)

é r(u|W)=[2n-3+j,2n+2—j2n+1—j], r(Wy|W)=[2n-2+j2n+1-j,2n+2—j],
‘é r(uy|W)=[2n+5-j,2n—4+j,2n-5+j], r(uy;|W)=[2n+6—j,2n—5+j,2n—4+]],
? r(u W) =[2n—-5+j,2n+8—j,2n—5+j], r(u'y|W)=[2n—4+j2n+7—j,2n—4+]],
% T(Unoy W)=l +1,2n+2—j,4n -3 — ], (U jW)=1l+22n+1-j,4n—-2—j],

5

? T(tnoyj|W)=[j+1,2n—8+j,4n -3 — ], (U jW)=1l+22n-9+j,4n -2,

g T(UnoyjW)=[17—j,2n—8+j,4n—17+j], r(wn_y;|W)=[18—j,2n—9+j,4n— 16 +]],

1 (e gW) = (19— ji2n =8 4 j,dn =174+ j], r(wpyj|W) = [20—j,2n — 9+ j,4n — 16 + j],

g T(Unorj|W)=[—52n—-10+,4n—17+j], 1(u'n_r;|W)=[—42n—11+j,4n—16 +j],

1‘5‘ T(UnoyjW)=121—j,2n+18 —j,4n+11—j], r(un_y;|W)=1[22—j,2n+17 —j,4n+ 12 —j],

T(tn1j|W) =[21—j,2n+20 — j,4n + 13 — ],

r(unorj|W)=1[22—j,2n+ 19 —j,4n + 14 — j],

(W)=l —1,2n+2—j,4n—1—]],

r(u ;W) =1,2n+1—j,4n —j],

r(un|W) = [ = 1,2n =12 +j,4n — 1 - j],

r(wo; W) =1lj,2n— 13 +j,4n - j],

(un |W) = [j = 1,2n — 12 + j, 4n — 23 + j],

r(Wn W) = [j,2n — 13 +j,4n — 22 + ],

(unj|W) =22 = j,2n — 12 + j,4n — 23 + ],

r(Wnj|W) =123 —j,2n—13 +j,4n — 22 + ],

7(tn;|W) = [24 —j,2n — 12 + j,4n — 23 + ],

(W W) = [25 - j,2n — 13 + j, 4n — 22 + j],

r(un ;W) =1 —12,2n— 14 + j,4n — 23 + ],

r(u' W) = [ — 11,2n — 15 + j, 4n — 22 + ],

r(un;|W) = [j — 11,20 — 16 + j, 4n — 23 + j],

(W W) = [j = 10,2n — 17 + j, 4n — 22 + ],

r(un ;W) =[31—j,2n+28—j,4n+21 -],

r(u'n W) = [32 —j,2n + 27 — j,4n + 22 — j],

7(un;|W) = [31 = j,2n + 30 — j, 4n + 23 — j],

r(u W) = [32 —j,2n + 29 — j, 4n + 24 — j],

r(un;|W) = [31 = j,2n + 32 — j, 4n + 25 — j],

r(Wa W) = [32—j,2n+31 - j,4n + 26 - j],

r(un;|W) = [31 = j,2n + 32 — j, 4n + 27 — j],

r(u W) = [32 —j,2n + 31 — j, 4n + 28 — j.

From the vertex representation above, we obtained that W is the resolving set of a graph K, X
HC(3) since r(v,|W) # r (v, |W) for vn,m € (K, X HC(3)) and n # m. So that, the smallest
upper bound of graph K, X HC(3) is dim(K, x HC(3)) < 3. Through this analysis, we obtained
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the largest lower bound and the smallest upper bound on the metric dimension of graph K, x HC(3)
is3 < dim (K, Xx HC(3)) < 3. Thus, dim (K, X HC(3)) = 3. m

Proposition 3.2 Given graph K, X HC(4), then the metric dimension of graph K, X HC(4) is
dim (K, x HC(4)) = 3.

Proof:

According to Equation 2.3 and 2.4, we obtained the vertex set and the edge set of a graph K, X
HC(4) as follows.

V(K; x HC(4)) ={uy;j |1 <j<6}Ufuy;|1<j<18}ufus;|1<j<30}u
{ugjl1<j<42}uf{uy;l1<j<6ju{u,;|1<j<18}u
{us;11<j<30}u{u,;|1<)<42}

E(Ky x HC(4)) = {(uyjugj41) |1 S j < 63U {(uyjuzje) |1 <j<18tU
{(usjiuzjs1) [ 1< <303 U{(uyjugje1) |1 <j< 423U
{(ul,j'uZ,S(j—l)) | 2<j<6}ju
{(uz,j:u3,j+1) |j =24}V {(uz,j'u3,j+3) |j =57}V
{(uz,j'u3,j+5) |j = 8,10} v {(uz,j'u3,j+7) |j = 11,13} U
{(uz,j'u3,j+9) |j = 14,16} U {(uz,j;u3,j+11) |j = 17,19} U
{(us j ugji1) |J = 24,6} U{(usj,ug j43) | j = 7,911} U
{(us,jougjrs) | J = 12,1416} U {(us j,uq j47) | j = 17,19,213 U
{(us jiuajro) | J = 22,24,26} U {(uz j,uq j411) | j = 27,29,31} U
{(ull,j'ull,j+1) | 1<j<6}u {(ulz,j'ulz,jﬂ) | 1<j<18}u
{(W3u'3j41) | 1< <303U{(Wy;us 1) |1 <)< 423U
{(u'1,j' U 3(-1)) | 2<j<e6}ju
{(ulz,j'u’3,j+1) |j =24}U {(ulz,j;uls,j+3) |j =57}U
{(ulz,j' u'3 jts) |f =8,10} U {(ulz,j' U3 j7) |j =11,13} U
{(ulz,j' U'3j49) |f = 14,16} U {(ulz,j'u'3,j+11) |j = 17,19} U
{(uIS,j'u,4,j+1) |j =246}V {(uIB,j'u’4,j+3) |j =7911} v
{30 sjes) |J =12,14,16} U {(u'3 U4 47) | j = 17,19,21} U
{(Ws),u'sjr0) | =222426}U{(Ws),u's 11) |J = 27,2931} U
{1 ) 11<j<6}U{(uyu’z)) 1<) <18}u
{(us j,u'3) 11 <j <30} U{(uy),us) |1 <)< 42}

with 7mod 6 = 19 mod 6 = 31 mod 6 = 43 mod 6 = 1.

Refer to Theorem 2.1, which is stated that dim (HC(n)) = 3, with HC(n) € K, X HC(n) and
Theorem 2.2, which is stated that dim(G) < dim(G X K;) < dim(G) + 1, then its largest lower
bound is dim (K, x HC(4)) = 3. In addition, it will be shown that its smallest upper bound is
dim (K, x HC(4)) < 3. Choose the subset V (K, x HC(4)), write W = {41, U’ 49, Us 15} SO that
we obtained the representations for every vertex on graph K, x HC(4) toward W given as follows.

7w, | W) r(uw's;|w)

r(uy|W)=[2n-3+j,2n+2—j2n+1—j], r(uy|W)=02n-2+j2n+1—-j,2n+2—j],

TN Y .

r(u|W)=[2n+5-j,2n—4+j,2n-5+j], r(Wy|W)=[2n+6—j,2n—5+j,2n—4+]],




263

JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI
Saskia Nurul Jannah, Hasmawati*, Naimah Aris

6 |r(uj|W)=[2n-5+j,2n+8—j,2n—-5+,], r(u'y;|W)=[2n—4+j,2n+7—j,2n—4+/],
T

2

2 r(uy |W) =[j+3,2n+2—j,4n—3 -], r(uy/W)=[+42n+1—j,4n-2—j],

5

g r(uy|W) =[j+3,2n—8+j,4n— 17 + /], r(uy;|W)=1[j+42n-9+j,4n - 16 +/],

g r(uy |W) =19 —j,2n — 8+ j,4n — 19 + ], r(u'y;|W)=120-j,2n—9 +j,4n— 18 +j],

W ruw) =117 —j2n+ 12— j,4n =19 441, r(wp,|W) = (18 —j,2n+ 11— j,4n — 18+ ],
g r(uy |W) = [j = 3,2n — 10 + j,4n — 19 + j], r(Wo W) =i —2,2n — 11 +j,4n — 18 +j],
er(ugw) =23 -j2n =18+, 4n+9—j  r(wy,W) = [24—j,2n =17 +j,4n + 10— ],
16

%g r(uy|W)=1[23—j,2n+20—j,4n+11—j],  r(uy;|W)=1[24—j,2n—19+j,4n+ 12 -],

T

2

3

: T(tn_yj|W)=[+12n+2—j,4n -3 -], (U jW)=0l+22n+1-j,4n-2-j,

6

7

8

30 T(Upoyj|W)=[+1,2n—12+j,4n -3 -], (oo jW)=1+22n-13+j,4n—2—j],
11

1o r(unagW) = (25—, 2n =12+ j,4n =25 +j1, (w1 W) = [26 —j,2n— 13+ j,4n — 24+ ]],
1‘5‘ F(Unogj|W) = [27 = j,2n =12+ j,4n — 25 + ], T(Wno1j|W) = [28 — j, 2n — 13 + j,4n — 24 + j],
i? (Unorj|W) = [29 = j,2n =12+ j,4n — 25 + ], T(wn_1j|W) = [30 = j,2n — 13 + j,4n — 24 + j],
ig F(Unog|W) = 31— j,2n — 14 + j,4n — 25 + ], 7(Wn_1j|W) = [32 —j,2n — 15 + j, 4n — 24 + j],
3(1’ (U |W) = [ =9,2n =16+ j,4n — 25 +j],  r(wn_ij|W) = [j —8,2n — 17 + j,4n — 24 + j],
§§ P(Upor ;W) = [33 = j,2n + 28 — j,4n + 19— j], 7(W'p_r,;|W) = [34 —j, 2n + 27 — j,4n + 20 — J],
%‘5‘ (Unorj|W) = [33 = j,2n +30 — jdn + 21 —j], r(un_ij|W) = [34 —j,2n +29 — j,4n + 22 — j],
26

% T(Unor jW)=[33—j,2n+32—j,4n+23 =], r(wWn_r;|W)=1[34—j,2n+31—j,4n+24—j],
gg F(Unor|W) = [33 = j,2n + 32— j,4n — 35 +j], 7(Wn_1j|W) = [34—j,2n + 31— j,4n — 34 + j],
T

2

3

4

2 r(u(W)=0—-12n+2—j,4n—-1-j], r(u W) =1l,2n+1—j,4n—j],

o

9

10

11

Elr(unw) =l -12n—16+j,4n—1— ], r(u;|W) = [j,2n = 17 + j, 4n — j],

14

15
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17 |r(unj|W) =831 —j,2n— 16 +j,4n =31 +,],  r(u';|W) =1[32—j,2n— 17 + j,4n — 30 + ],

19|r(ungW) =133 —j,2n =16 +j,4n =31+],  r(wp)[W) = [34—j,2n — 17 +j,4n— 30 + ],
3(1’ r(un|W) = [85—j,2n— 16 +j,4n =31 +],  r(un;|W) = [36 —j,2n — 17 + j, 4n — 30 + ],
o r(ungW) =137 —j,2n =16 +j,4n =31 +j],  r(wp;[W) =[38—),2n — 17 +j,4n— 30 + ],
%‘; r(un W) = [ —11,2n 432 —j,4n =31 +,],  r(un;|W) = [j — 10,2n + 31 — j,4n — 30 + ],
o lr(ungWw) == 13,20 =20+ j,4n =31 +/],  r(wpy[W) = [ = 12,2n = 21 +j,4n— 30 + ],
%g r(un|W) = [ —15,2n— 22+ j,4n =31 +/],  r(un;|W) = [j — 14,2n — 23 + j, 4n — 30 + ],
S0 (g W) = 143 —j,2n+38 —jan+29 = j],  r(wp[W) = [44—j,2n +37 —j,4n + 30 - j],
gg r(un;|W) = [43 —j,2n+ 40 — jdn +31—j],  r(wn,|W) = [44 — j,2n + 39 — j,4n + 32 — j],
Se|r(ung W) =143 —j,2n+42 = jan+33 = j],  r(wp[W) = [44—j,2n+41 —j 4n + 34— ],
%Z r(unj|W)=1[43—j,2n+44—j,4n+35—j], r(u,;|W)=1[44—j,2n+43 —j,4n+ 36 —j],
4318 r(n |W) = [43 —j,2n + 44— j,4n+37 —j1,  r(wp;|W) = [44 —j,2n + 43 — j,4n + 38 — j],
41

r(un ;W) =1[43—j,2n+44—j,4n+39—j], r(u,;|W)=1[44—j,2n+43 —j,4n + 40 — j].

From the vertex representation above, we obtained that I/ is the resolving set of a graph K, x
HC(4) since r(v,|[W) # r (v, |[W) for vn,m € (K, x HC(4)) and n # m. So that, the smallest
upper bound of graph K, x HC(4) is dim (K2 X HC(4)) < 3. Through this analysis, we obtained
the largest lower bound and the smallest upper bound on the metric dimension of graph K, x HC (4)
is 3 < dim(K, X HC(4)) < 3. Thus, dim (K, X HC(4)) = 3. m

Based on Proposition 2.1 and 2.2 above, we formulated the metric dimension of graph K, X
HC(n) for n € Z* with make a theorem with the following proof.

Theorem 3.1 Given graph K, x HC(n) for n € Z*, then dim (K, X HC(n)) = 3.

Proof:

We have known before that 3 < dim (K2 X HC(n)) < 4. Choose subset V (K, x HC(n)), write
W = {un,l, U pont1s un,4n—1} for n > 2 so that we obtained the representation for every vertex of
graph K, x HC(n) toward W given as follows.

r(ug; W) (', |w)

r(ug;|W)=[2n-3+j,2n+2—j,2n+1—j],

r(u'y|W)=[2n-2+j,2n+1—-j,2n+2—j],

r(ul_]-|W) =[2n+5—j,2n—4+j,2n—5+j],

r(u'yW)=02n+6—j,2n—-5+j,2n—4+],

O\ (U B[N |~

r(W  W)=[2n—-4+j,2n+7—j,2n—4+j],

r(u|W)=[2n—5+j,2n+8—j,2n—5+j],

W N =

r(un-1;|W)=l+12n+2—-j,4n—3 -],

(oo j|W)=0+22n+1—j,4n—-2—/],
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r(unW)=[-12n+2-j4n-1-j, r(uy|W) =1, 2n+1—j,4n —j],

From the vertex representation above, we obtained that W is the resolving set of a graph K, x
HC(n) since r(v,|W) # r(vy,|W) for vn,m € (K, X HC(n)) and n # m. So that we obtained its
smallest upper bound is m (K, X HC(4)) < 3. The largest lower bound on metric dimension of
graph K, x HC(n) obtained by referring to Theorem 2.1, which is stated that dim (HC(n)) = 3
and Theorem 2.2, which is stated that (HC(n)) € (K, X HC(n)), with the result that
dim (HC(n)) < dim (K, X HC(n)), such that 3 < dim(G X K;,) < 4. Based on this explanation
before, we obtained the largest lower bound and the smallest upper bound on metric dimension of
graph K, x HC(n) is 3 < dim (K, x HC(n)) < 3. Thus, the metric dimension of graph K, x
HC(n) isdim (K, x HC(n)) =3forn € Z*. m

3. CONCLUSION

Graph K, x HC(n) is the graph cross operation product of second order complete graph (K5)
with honeycomb network (HC(n)). The largest lower bound of the metric dimension for graph
K, X HC(n) is dim (K2 X HC(n)) > 3 and the smallest upper bound of the metric dimension for
graph K, x HC(n) is m (K, x HC(n)) < 3. We conclude that the general form of the metric
dimension of graph K, x HC(n) using a direct proofing, proven and obtained the exact value,
which is dim (K, x HC(n)) = 3forne Z*.
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