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Some New Properties of g-Frame in Hilbert C*-Modules
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Abstract
The theory of frames which appeared in the last half of the century, has been
generalized rapidly and various generalizations of frames in Hilbert spaces and Hilbert
C*-modules. In this paper, we will give some new properties of modular Riesz basis
and modular g-Riesz basis that present a generalization of the results established in

a Hilbert space.

Keywords: Frame, modular Riesz basis, modular g-Riesz basis, C*-algebra, Hilbert

A-modules.

1. INTRODUCTION

Frame theory has a great revolution for recent years, this theory has several properties
applicable in many fields of mathematics and engineering and play a significant role in
signal and image processing, which leads to many applications in informatics, medicine
and probability. Frame theory has been extended from Hilbert spaces to Hilbert C*-
modules and began to be study widely and deeply. The basic idea was to consider
module over C*-algebra instead of linear spaces and to allow the inner product to take
values in the C*-algebra.

The concept of frames in Hilbert spaces has been introduced by Duffin and Schaeffer
[4] in 1952 to study some deep problems in nonharmonic Fourier series. After the
fundamental paper [3] by Daubechies, Grossman and Meyer, frame theory began to
be widely used, particularly in the more specialized context of wavelet frames and
Gabor frames [6]. Frames have been used in signal processing, image processing, data
compression and sampling theory.

This theory has been extended by Frank and Larson [5] in 2000 for the elements
of C*-algebras and Hilbert C"*-modules. Eventually, frames with C*-valued bounds in

Hilbert C*-modules have been considered in [1].
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The theory of frames has been generalized rapidly and there are various general-
izations of frames in Hilbert spaces and Hilbert C*-modules. The notions of modular
Riesz basis and modular g-Riesz basis has been introced by Khosravi A and Khosravi
B in [10].

The aim of this paper is to extend results of Khosravi A and Farmani M. R [8], given
in the Hilbert space to Hilbert C*-module.

Let us recall some definitions and basic properties of a Hilbert C*-module that we
need in the rest of the parer.

For a C*-algebra A if a € A is positive we write a > 0 and A" denotes the set of all

positive elements of A.

Definition 1.1. [11] Let A be a unital C*-algebra and H be a left .A-module, such
that the linear structures of A and H are compatible. H is a pre-Hilbert A-module
if H is equipped with an A-valued inner product (.,.)4 : H X H — A, such that is

sesquilinear, positive definite and respects the module action. In the other words,

(i) (z,2)4 >0, for all z € H, and (z,x) 4 = 0 if and only if z = 0.
(ii) (ax +y,2)4 = alx,2) 4+ (y,2) 4, for all a € A and z,y,z € H.
(iii) (z,y)a = (y,x)%, for all z,y € H.

For x € H, we define the norm of x by ||z|| = ||<x,m),4||%4 If H is complete with ||.|],
it is called a Hilbert A-module or a Hilbert C*-modules over A.

For every a in C*-algebra A, we have |a|4 = (a*a)% and the A-valued norm on H is
defined by |z| = (z,xﬁ\, for all x € H.

Let H and K be two Hilbert A-modules, a map T : H — K is said to be adjointable
if there exists a map 7% : K — H such that (T'z,y)4 = (x,T*y) 4 for all z € H and
y e K.

Throughout this paper, We reserve the notation End%(H,K) for the set of all ad-
jointable operators from H to K and End%(H,H) is abbreviated to End’(H).

For a unital C*-algebra A, let I and J be a finite or countable subset of Z and
{H;}icr be a sequence of Hilbert A-modules. Let [?({#,;}:c;) be the Hilbert A-module
defined by

P({Hitier) = {{ﬂ?z‘}z’el cxp € My, Y (i, 24) 4 converge in H-H}-
iel
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Let 1?(A) be the Hilbert A-module defined by
2(A) = {{aj}jej CA: Zaja; converge in H||}
jedJ

The following lemmas will be used to prove our mains results.

Lemma 1.2. [2|. Let H and K be two Hilbert A-modules and T € End*(H,K). The
following statements are equivalent:
(i) T is surjective.

(ii) T* is bounded below with respect to norm, i.e. there is m > 0 such that
ml|z| < ||T*z|] x € K.

(iii) T* is bounded below with respect to the inner product, i.e. there is m' > 0 such

that,

m/{x, )4 < (T*x, T*1) 4 z e kK.

Lemma 1.3. [11]. Let H be a Hilbert A-module and T € End(H), then we have for
all v € H,

<Tﬂ§‘, T‘T>A < ||TH2<‘7:7 £U>_A.

Lemma 1.4. [7] Let A be a C*-algebra. Suppose that {a;};c; and {b;}je; are two
sequences of A such that both Zjej aja; and ZjeJ bjbs converge in A, then,

> (aj +bi)(aj +b;)" <2 (ajaf +bb)
jeJ jeJ

2. G-framein Hilbert C*-Module
Definition 2.1. [5]. Let H be a Hilbert A-module. A family {z;};cs of elements of

‘H is called a frame for H, if there exist two positive constants A, B, such that for all
r €H,
(2.1) Az, x) a0 < (w,xi) alwi, 2)a < Blx, ) 4.
i€l
The numbers A and B are called lower and upper bound of the frame, respectively.
If A= B = ), the frame is called A-tight. If A = B = 1, it is called a normalized
tight frame or a Parseval frame. If only upper inequality of (2.1) hold, then {z;};cs is

called a Bessel sequence for H.
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Let {x;}icr be a Bessel sequence in a Hilbert C*-module H, we define the analysis

operator by
T:H— I*(A)
r — {(x, i) atier

T is a bounded linear operator, the adjoin operator called the synthesis operator is

defined by
T I’(A) — H

{aitier — Z ;%

i€l

By composing T" and T*, the frame operator S is given by

S:H—H

r— Se=T"Tx = Z(z, Ti) AT
i€l
Proposition 2.2. Let {z;};c; be a frame in a Hilbert C*-module H. Then the frame

operator S thus defined is bounded, selfadjoint, positive and invertible.

Definition 2.3. [9]. Let H be a Hilbert A-module and (#;);c; be a sub-modules of
H. We call a sequence {A; € Endy(H,H;),i € I} a g-frame in Hilbert A-module H
with respect to {H;}ics if there exist two positive constants A and B, such that for all
reH,
(2.2) Az, x)a <> (Mix, Aizya < Blz,z)a.
el

The numbers A and B are called lower and upper bound of the g-frame, respectively.

If A= B = A, the g-frame is called a A-tight. If A = B =1, it is called a g-Parseval

frame.

Let H and K be a Hilbert A-modules. We recall that H®K = {(z,y) : x € H,y € K}

is a Hilbert A-module with pointwise operations and inner product

((v1,91), (72,92)) = (v1,T2) A + (Y1, ¥2)4 71,22 € H; y1,92 € K.

Let U and V be two Hilbert .A-modules. For T' € End%(H,U) and L € End(K,V) we
define

TeLecEndyHeK,UdY) by (T@L)(x,y):=Tz,Ly) z€H, yek.
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Theorem 2.4. Let {z;}icr be a frame for H with bounds A, B and frame operator
Sz. Let {y;}jer be a frame for K with bounds C, D and frame operator Sy. Then
{(zi ®yj)}er, jes) s a frame for H & K with frame operator S(ya,) = Sz ® Sy.

Proof. Let {x;}icr and {y;}jcs be a frames as they were defined in the last Theorem.

Then for all z € H and y € K we have

(2.3) Az, x)a < (x,xi) alwi, 2) 4 < Blw, ) 4.
i€l

(2.4) Cly,y)a <D (W) alti, y)a < D{y,y)a.
JjEJ

From (2.3), (2.4) and Lemma (1.4), we have

min{A, C}({(z,y), (z,y))) = min{A, C}({z, z) 4 + (y,4) 4)

< Z \((x,y),(:vi,yj)ﬂg

(ij)elz]

= Z (2, zi) A+ (Y, y;)al®

(4,5)€lzd
<2max{B,D}((x,x) A+ (y,y)4)

= 2max{B, D}({(z,v), (z,v))),

which shows that {(x; © y;)}cr, jes) is a frame for H © K.
Moreover, we have for all (z®y) € H® K,

S(x@y)(x>y): Z <($,y),(~75i,yj)>($i,yj)

i€l, jed

= Y (mada+ i) (i y;)

icl, jeJ

— Sp(2) @ Sy(y) = (S, ® S,)(z D y).

Then,

S(x@y) =5, DSy
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3. Modular G-framein Hilbert C*-Module

Let {A;}icr be a g-Bessel sequence for {End’(H,H;),i € I}, we recall that the
analysis operator for {A;};cs is defined by

T :H — P({Hi}ier)
xr — TXIZ;‘ — {Ai$}i€l
The adjoin of this operator is called the synthesis operator and defined by
T3 P({Hibier) — H
{zi}ier — Ti{witier = > Az,
el

The g-frame operator Sy is defined by

SpH—H
x — Sax =TxThrx = ZA;AZ{L’.
i€l
The g-frame operator Sy is a positive and self-adjoin operator. Moreover, if {A;};cr is

a g-frame, then Sy is invertible, for more details see ([9])

Definition 3.1. [12] Let K € End%(H) and A; € End%(H,H;) for all i € I, then
{Ai}ier is said to be a K-g-frame for H with respect to {H;}ics if there exist two
constants A, B > 0 such that
A(K* 2, K*2)4 <Y (Az, M) 4 < Bz, z)a z € H.
icl

Theorem 3.2. Let K € End(H) and let {A; € Endy(H,H;),i € I} be a g-frame
in Hilbert A-module H with respect to {H;}ic; with bounds A,B > 0. Let L; €
End’y(H,U;) where U; is a Hilbert C*-module for each i € I. Suppose that there erist
C,D > 0, such that

Clwi, wi) 4 < (Liwi, Lizg) 4 < D(xi,x)a  forall i€l x; € H;

Then,
a e sequence i\ 18 € &n JU) 11 € 18 a -g-frame.
Th LiNK e B dy(H,U I K*-g-f
1s 1nvertible, then the sequence MK € En JU)) 11 € s a
b) If K ble, th h LiNK Endy (H,U I

g-frame.
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Proof. (a) For all x € H, we have
(3.1) Az, 2)a <Y (Njw, Aiz)a < B(w, z)a.
el
On one hand we have
Z(LiAiKa:, LiNiKx) 4 < DZ(AZ»K:U,AZ-K@ A
icl iel
< DB(Kx,Kx)4
< DB|K|*{z,z)
One the other hand, we have,
el el
> CA(Kz,Kx) 4

= CA((K")"x, (K*)"x) A,

which ends the proof.
(b) Let K be an invertible operator, we have for all x € H

(z,2) A = <K_1K$7K_1Kx>A
< |K7HP(Ke, Ka)a
1, .
< Z||K 1||2;<A1-Km,Ain>A
1

1
< olE” 12 ;LAKQULAK.@

So,
AC|K ™" @, )4 < > (Lihi K, LN Kx) 4,
el
which shows that {L;\; K € End’(H,U;) : i € I} is a g-frame with bounds AC|| K ~!(| 72
and DB| K| O

Definition 3.3. [10] Let A = {A;};c; be a sequence in End’(H,H;) for all i € I

(1) If the A-linear hull of ( J;c; A*(H;) is dense in H, then {A;};cs is g-complete.
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(2) If {A;}ier is g-complete and there exist A, B > 0 such that for any subset J C I
and y; € H; we have

A Iy PN 1Y Agwsl? < B ys Pl
jed jed jedJ
then {A;}ier is a modular g-Riesz basis for H with respect to {H;}icr. A and
B are called bounds of {A;}ier.

Theorem 3.4. Let {A; € End(H,H;),i € I} and let {x;;}jcj, be a Parseval frame
for H; for each i € I. Then the following assertions hold

(1) The sequence {A; € End%(H,H;),i € I} is a g-frame (g-Bessel sequence)
in Hilbert A-module H with respect to {H;}ier if and only if the sequence
{(Ni)*zi; i e€l,je i} is a frame in H (Bessel sequence).

(2) If {(Nj)*zi i€ 1,j € Ji} is a modular Riesz basis, then {A;}icr is a modular
g-Riesz basis. Conversely if {A\;}ier is a modular g-Riesz basis and there exist

m > 0 such that for each i € I; and (c; ;)jer, for each finite Iy C J;,

1
ml Y > eiieilz <UD ciihiall

1€S jeJ; €S jel

then {(A;)*x; ;i€ 1,j € J;} is a modular Riesz basis.
Proof. (1) Let € H, for each i € I we have
(N, Aiw)a = (N, @ ) alwi g, Mixha = > (2, Afw ) a{Afaj, x) a.
JjeJ; JEJ;

This last equality allows us to conclude that {A;};cr is a g-frame if and only if {Afz; j }ier je,
is a frame.

(2) Let {(A;)*x;; : i € I,j € J;} be a modular Riesz basis with bounds A and B.
For each y; € H; we have

vi= Y (Wizig)azij and (i ya= Y (Wi i)l vi)a = Y (i ig)al’.
J€J; Jedi jedi

Furthermore, we have

Ay =) i i) abimi g,
JjeJi
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So, let S C I a finite subset, we have

AIY iy all = ALY Y Wi wig) al’l

€S €S jeJ;

<UD (yowig) aliuil?

€S jed;
= 1D Ajwill?
€S
< B> i migalll
1€S jeJ;
= B (i vi)al
€S
Conversely, we assume that {A;};c; be a modular g-Riesz basis for H with bounds A

and B, it follows that for any finite subset S C I,

(3:2) A iy all < 11D ATwill> < BID_(wir i) al

€S i€S €S

Since y; = ZjeJi ¢ i 5 and

1D iy all®> = 11D (i Y cigag)all?

ies i€S JeJ;i
=11 (yiswig)aciII?
€S jeJ;
<UD Wy alPlll D D cigelyl
€8 jeJ; 1€8 jeJ;
=1 i wadallll D> cigeislls
€S 1€S jEJ;

then for each 7 € I, on one hand, we have
Y i yadal <10 el
icS ic€S jeJ;
On the other hand, from (3.2) we have
I " Awll> =12 cighizisl? < BID iyl < 11D eijei;ll-
icS €S jeJ; icS €S jeJ;

Which ends the proof. O
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