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Abstract
In this paper, we present some properties of K-operator Frame in Hilbert C*-
modules. Topics that will be discussed include: K-operator Frame and Dual K-
operator frame in Hilbert C*-modules. We will also study K-operator Frame in two

Hilbert C*-modules with different C*-algebras.
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1. INTRODUCTION AND PRELIMINARIES

Frame theory is recently an active research area in mathematics, computer science,
and engineering with many exciting applications in a variety of different fields. They
are generalizations of bases in Hilbert spaces. Frames for Hilbert spaces were first
introduced in 1952 by Duffin and Schaefer [6] for study of nonharmonic Fourier series.
They were reintroduced and developed in 1986 by Daubechies, Grossmann and Meyer
[4], and popularized from then on.

Hilbert C*-modules is a generalization of Hilbert spaces by allowing the inner product
to take values in a C*-algebra rather than in the field of complex numbers. For more
details about Hilbert C*-modules frames, see [10, 11, 12, 13, 15, 16, 17].

In the following, we recall some definitions and results that will be used to prove our
mains results.

For a C*-algebra A, an element a € A is positive (a > 0) if a = a* and sp(a) C R*.

AT denotes the set of positive elements of A For more details see [3, 5].

Definition 0.1. [9]. Let A be a unital C*-algebra and H be a left A-module, such that

the linear structures of A and H are compatible. H is a pre-Hilbert A-module if H is
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equipped with an A-valued inner product (.,.) 4 : H x H — A, such that is sesquilinear,

positive definite and respects the module action. In the other words,

(i) (z,z)4 >0 for all z € H and (x,z)4 = 0 if and only if x = 0.
(ii) (ax+y,2)a = a{z,y) 4+ (y,z) 4 for all a € A and z,y,z € H.
(iii) (z,y)a = (y,x)% for all z,y € H.

For x € H, we define ||z|| = \|<x,1:>,4]|% If H is complete with [|.|[, it is called a
Hilbert .A-module or a Hilbert C*-module over A. For every a in C*-algebra A, we

1
have |a| = (a*a)% and the A-valued norm on H is defined by |z| = (z,z)5 for z € H.

Let ‘H and K be two Hilbert A-modules, A map T : H — K is said to be adjointable
if there exists a map 7% : K — H such that (T'z,y)4 = (x,T*y) 4 for all z € H and
y e K.

We also reserve the notation End’(H, K) for the set of all adjointable operators from
H to K and End%(H,H) is abbreviated to End’(H).

Let I and J be countable index sets.

Definition 0.2. [7] A family of adjointable operators {7;}icr on a Hilbert A-module
H over a unital C*-algebra A is said to be an operator frames for End%(H), if there

exist two positive constants A, B > 0 such that

(0.1) Az, z) 4 < Z(Ex,ﬂx> < B(z,z)a, x€H.
1€l

The numbers A and B are called lower and upper bound of the operator frames, re-
spectively. If A = B = ), the operator frame is A-tight.

If A= B =1, it is called a normalized tight operator frames or a Parseval operator
frames.

If only upper inequality of (0.1) hold, then {T;};cs is called an operator Bessel
sequence for End’ (H).

Definition 0.3. [14]. Let K € End%(#). A family of adjointable operators {A;};cr on
a Hilbert A-module H is said to be a K-operator frame for H, if there exists positive

constants A, B > 0 such that

(0.2) A(K 2z, K*x) 4 < Z(Aix, ANixy g < Blx,z) 4,V € H.
i€l
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The numbers A and B are called lower and upper bounds of the K-operator frame,
respectively. If

A<K*.CC, K*.QZ)A = Z<Az$, Ai.%'>A,
1€l
the K-operator frame is A-tight. If A = 1, it is called a normalized tight K-operator

frame or a Parseval K-operator frame.

If the sum in the middle of (0.2) is convergent in norm, the operator frame is called
standard.

Throughout the paper, series like (0.2) are assumed to be convergent in the norm
sense.

Let {A;}icr be a K-operator frame for End’ (#). Define an operator
R:H —1*(H) by Rx={Ax}icr, Vo €H.

The operator R is called the analysis operator of the K-operator frame {A;};cr.

The adjoint of the analysis operator R,
R*({xz}le]) : ZZ(H) — H

is defined by
R*({zitier) = Y Ajai, V{ai}ier € P(H).

el
The operator R* is called the synthesis operator of the K-operator frame {A;}ics.
By composing R and R*, the frame operator St : H — H for the K-operator frame
is given by
Sr(z) = R*"Rz =Y AjAx.
i€l
Lemma 0.4. [8]. If Q € End’(H) is an invertible A-linear map then for all z € HRK

we have

QM 2] < 1@ ® 12| < [|Q]l.]=l.

Lemma 0.5. [1]. If ¢ : A — B is a x-homomorphism between C*-algebras, then ¢ is

increasing, that is, if a < b, then ¢(a) < @(b).

Lemma 0.6. [18]. Let H be Hilbert A -module over a C*-algebra A. Let T,S €
End’(#H). If Ran(S) is closed, then the following statements are equivalent:

(i) Ran(T) C Ran(S).description
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(ii) TT* < A28S* for some A > 0.
(iii) There exists Q € End*(H) such that T = SQ.

Proposition 0.7. [2] Let A be a C*-algebra, V and W Hilbert A-modules, and T €
End’(V, W) The following statements are mutually equivalent:
(1) T is surjective.
(2) T* is bounded below with respect to the norm, i.e., there is m > 0 such that
|T*z| > m|x| for all x € V
(3) T* is bounded below with respect to the inner product, i.e., there is m' > 0 such

that (T*xz, T*z) > m/(x,x) for all x € V.

In this article, we study some new properties of K-operator frame in Hilbert C*-
modules. Also, we define and study the dual K-operator frame. Our theorems extend,

generalize and improve many existing results.

2. MAIN RESULTS

The following theorem give a characterization for a K-operator frame for End (H).

Theorem 0.8. For an operator Bessel sequence {A;};c; C End}(H), the following
statements are equivalent:

1. {Ai},cr is a K-operator frame for End’y(H).

2. There exists A > 0 such that S > AKK*, where S is the frame operator for

{Ai}z‘el'
3. K = S%Q, for some Q € End’y(H), where S2 is the square root of the operator
S.

Proof. 1. = 2. Note that {A;},.; is a K-operator frame for End’ (H) with frame bounds
A and B and frame operator S if and only if
A(K 2, K*z) < (Ax, Aiz) < Blw, z),Vao € M.
el
Thus, we have
(AKK*z,x) < (Sz,x) < (Bz,z),Vr € H.

Hence S > AKK*.

2. = 3. Suppose that there exists A > 0 such that AKK* < S. This give AKK* <
S3S3*, Then by Lemma 0.6, K = S%Q, for some Q € End’y(H).
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3. = 1. Let K = S%Q, for some @ € End’(H). Then by Lemma 0.6, there exists
A > 0 such that AKK* < §252*. This give AKK* < S. Hence {Ai},c; is a K-operator
frame for End (H). O

Theorem 0.9. A family {A;};c; C End(H) is a K-operator frame if and only if
Ran(K) C Ran(R*), where R is the analysis operator.

Proof. Let {A;},c; be a K-operator frame for End’ (H). Then there exists A > 0 such
that S > AKK*, where S is the frame operator for {A;};;.
Since S = R*R then R*R > AKK*. Therefore by Lemma 0.6 Ran(K) C Ran(R*).
Conversely, suppose that Ran(K) C Ran(R*). Then KK* < A?R*R. Thus KK* <
A2S. Therefore by Theorem 0.8 {A;},.; is a K-operator frame for End’(H) O

Next, we show that K-operator frame for H is invariant under the composition of

the operators.

Theorem 0.10. Let K € End’y(H) with a dense range and {A;},c; be a K-operator
frame for End’y (H). If Q € End;(H) has closed range with QK = KQ, then {A;Q*},;
is K -operator frame for End’ (M) if and only if Q is surjective.

Proof. We have
AK*'Qx, K*Q"x) = A(Q" K"z, Q" K" x)
Suppose that @) is surjective. Then by Proposition 0.7 there exists m > 0 such that
Am(K*z, K*z) < A(Q"K*z,Q*K*z) < Z (NiQ x, A;Q ) ,x € H.
el

Also, we have

> (MiQ z, MiQx) < B(Q'2,Q*z) < B|Q|* (v, x) .

el
Hence, {A;Q"},c; is a K-operator frame for End’ ().

Conversely, suppose {A;Q*},.; is K-operator frame for End’ () with frame bounds
A and B Then for any x € ‘H, we have

A(K* 2, K*z) <Y (MQ*z,AQ*x) < B(w,1) (2.2)
el

Since, Ran(K) is dense in ‘H, K* is injective. Thus, using (2.2), Q* is injective. O
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Theorem 0.11. Let K € End’(H) and {A;};c; be a K-operator frame for End’ (H).
If Q € Endy(H) be an isometry with K*Q = QK*, then {A;Q},c; is K-operator frame
for End* (H).

Proof. Suppose {A;};c; is K-operator frame for End’(#). Then, for each x € H, we

have
> (AQ, AQx) > A(K*Qu, K*Qu)
icl
= A(QK "z, QK" x)
= A(K*x, K*z)
Also,
> (MiQz, AiQu) < B||Q|* (x, z)
el
Hence {A;Q},c; is a K-operator frame for End’ (H). O

Theorem 0.12. Let {A;};c; and {R;};c; be K-operators frame for H with frame op-
erators S1 and So respectively. Then K = 511/2]3 + S;/QQ for some P,@Q € End’(H).

Proof. Let {A;},c; and {R;},.; be K-operators frame for H with frame operators Sy and
So respectively. Then by Theorem 0.8, there exist oy, as > 0 such that S > oy KK*
and Sz > asKK*. Therefore, by Lemma 0.6, we get Ran(K) C Ran (S%ﬂ) and
Ran(K) C Ran (S;m) . Hence Ran(K) C Ran <511/2> + Ran (521/2> . Thus, we obtain
K = 87%P 4 53/%Q for some P,Q € End’ (). 0

Theorem 0.13. Let {A;};.; be a K-operator frame for H with the frame operator
S and let Q be a positive operator such that SQ = QS. Then {A; +AQ},c; is a
K -operator frame for H. Moreover, for any natural number n, {A; + A;Q"},c; is a K-

operator frame for H

Proof. Let {A;}
there exist A > 0 such that S > AKK*. The frame operator for {A; + A;Q},.; is given
by

;er be a K-operator frame for # with the frame operator S. Then,

DA+ AQ) (A + MiQ) (2) = (T+Q)*S(Z + Q) ()

el
Since (Z+ Q)" S(Z+ Q) > S > AKK*, then {A; + AiQ},; is a K-operator frame for
H.

Similarly, for any natural number n, {A; + A;Q"}, . is a K-operator frame for H. [
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In the following, we study K-operator frame in tensor products of Hilbert C*-

modules.

Theorem 0.14. Let H and K be two Hilbert C*-modules over unital C*-algebras A and
B, respectively. Let {A;}icr C End’y(H) be a Ky-operator frame for H and {I';}jc; C
Endg(IKC) be a Ka-operator frame for K with frame operators Sy and St and operator
frame bounds (A, B) and (C, D) respectively. Then {A; @ T'j}tierjes is a K1 ® K-
operator frame for Hibert A B-module H @ K with frame operator Sy ® St and lower
and upper operator frame bounds AC and BD, respectively.

Proof. By the definition of Kj-operator frame {A;};c; and Ks-operator frame {I';} e

we have

A(KT2, Kiz)a <Y (Aiw, ) 4 < Bz, x) 4, Y2 € H.
iel

C(K3y, K3y)s <> (T, Tju)8 < D(y,y)5, Yy € K.
jeJ
Therefore
(A(K iz, K{z)4) ® (C{K3y, K3y)B)

<D Nz Aiw)a® ) Ty, Tiy)s

iel jeJ

< (B(z,z)4) @ (D{y,y)5),Yr € H,Vy € K.
Then

AC((Kiz, K{z) 4 ® (K3y, K3y)B)

< ) (N Aw)a @ Ty, Tyy)s
ierjel

< BD((I’,ZL‘>A ® <yay>3)avx € vay e k.

Consequently we have

AC(K{z ® K3y, K{x ® K3y) Ao

< Y (M @Ty, Mz @Ty)acs
iel,jed

<BD{x®y,x®Y)azB, VT € H,Vy € K.
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Then for all x ® y in H ® K we have
AC((K1 ® K»)"(z @ y), (K1 ® K2)" (2 @ y)) AesB

< Y {(MeT)(@®y), (M) (@ ®y))ass
ierjel

<BD(z®Yy, T ®Y)AzB-

The last inequality is satisfied for every finite sum of elements in H ®,4 K and then
it’s satisfied for all z € H ® K. It shows that {A; ® I'j}ierjes is a K1 ® Ka-operator
frame for Hilbert A ® B-module H ® K with lower and upper operator frame bounds
AC and BD, respectively.

By the definition of frame operator Sy and Sr we have

Sz = ZA;Aix,Vx cH.
el

Sry =Y Ty, vy € K.
jeJ
Therefore
(SA X SF)(ZE‘ X y) =S\r® Sry

=> ANz TiTy

icl jeJ

= Z ANz @ T5Ty
icl,jed

= Y AerHheoly)
icl,jed

= Y AerHhiel)zey)
icl,jed

= Y (el Wel)zoy).
iel,jed

Now by the uniqueness of frame operator, the last expression is equal to Sagr(z ® y).
Consequently we have (SpA ® Sr)(z ® y) = Saer(z ® y). The last equality is satisfied
for every finite sum of elements in H ®,;, K and then it’s satisfied for all z € H ® K.
It shows that (Sx ® St)(2) = Sagr(z). So Sagr = SA ® Sr. O

Theorem 0.15. Assume that Q € End’(H) is invertible and {A;}icr C End’ygg(H @ K)
is a K-operator frame for H ® KC with lower and upper operator frame bounds A and B

respectively and frame operator S. If K commute with Q I, then {A;(Q* ®T)}ier is a
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K -operator frame for H ® K with lower and upper operator frame bounds ||Q* 1| 72A
and ||Q||?B respectively and frame operator (Q ® I)S(Q* @ T).

Proof. Since Q@ € Endy(H), Q ® T € Endygyz(H ® K) with inverse Q'®I Itis
obvious that the adjoint of Q ® 7 is Q* ® Z. An easy calculation shows that for every
elementary tensor z ® vy,
Qe I)(zey)|® = Q) @yl
= [Q@)II[ly]?
< QI Iz lyl*

= 1QIllz @ yl*.

So Q ® T is bounded, and therefore it can be extended to H ® K. Similarly for Q* ® Z,
hence Q®7T is A ® B-linear, adjointable with adjoint Q*®Z. Hence for every z € H ® K

we have by lemma 0.4
Q"I |2l < Q" ® T)z| < [|QIL|=l.
By the definition of K-operator frames we have

A(K*2, K*2) 408 < > _(Niz, Miz) aos < B(2,2) acp-
iel

Then

AKH(Q ®T)2, KH(Q* ®T)2)aes < Y _(Mi(Q ®T)2,Mi(Q" @ T)2) acs
el

<B(Q ®I1)z (Q" ®I)z)asn

< |QI*B(2, 2) acs-

AKN(Q"® 1)z K(Q" ®I)z)ues = A(Q" @ I)K"2, (Q" ® I)K™2) acn

> Q| TPA(K 2, K*2) agp-

So we have

Q™ TP A(K 2, K*2) aps < D _(Mi(Q" ® 1)z, Mi(Q* ® T)2) aws < ||Q|*B(2, 2) acn-
el
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Now
QeDSQ I) = (Q®I)(Y_AA)Q ®I)
el
= E;(Q QI)AN(Q™®T)
i€
—z; (Q* O T))*A(Q* ®T).
Which completes the proof. ) O

Theorem 0.16. Assume that Q € Endy(K) is invertible and {A;}ier C Endyoz(H ® K)
is a K-operator frame for H ® KC with lower and upper operator frame bounds A and B
respectively and frame operator S. If K commute with Z® Q, then {A;(Z®Q*)}ier is a
K -operator frame for H ® K with lower and upper operator frame bounds ||Q*~![|72A
and ||Q||?B respectively and frame operator (Z ® Q)S(T ® Q).

Proof. Similar to the proof of the previous theorem. O

Studying K-operator frame in Hilbert C*-modules with different C*-algebras is in-

teresting and important. In the following theorem we study this situation.

Theorem 0.17. Let (H,A,(.,.)4) and (H,B,(.,.)5) be two Hilbert C*-modules and
let ¢ : A — B be a *-homomorphism and 6 be a map on H such that (6z,0y)g =
o((xz,y).4) for all x,y € H. Also, suppose that {A;}icr C Endy(H) is a K-operator
frame for (H,A,(.,.)4) with frame operator S and lower and upper operator frame
bounds A, B respectively. If 6 is surjective, 0K* = K*0, 0A; = A;0 and OA; = A6 for
each i in I, then {A;}icr is a K-operator frame for (H,B,{(.,.)g) with frame operator
Sp and lower and upper operator frame bounds A, B respectively, and (SgOz,0y)p =
((Saz,y) ).

Proof. Let y € H then there exists x € H such that 0z = y (0 is surjective). By the
definition of K-operator frames we have
A(K 2z, K*x) 4 < Z(Aix, Niz) g < Bz, z) 4
iel
By lemma 0.5 we have

P(A(K 2, K*2) 4) < (> (Aiw, Aiw) 4) < o(B(, ) 4).
i€l
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By the definition of *-homomorphism we have

Ap((K*z, K*z)4) < Y p((Niw, M) 4) < Bop((, ) ).
i€l

By the relation betwen 6 and ¢ we get

A(OK*z, 0K z)p < Y (0\ix, 0\iz)p < B(0x,0x)p.
el

By the relation betwen 6, K* and A; we have

A(K*0z, K*0x)p < Y (Aibx, Aibz)p < B{fx,0x)5.
el

Then

AK*y, K*y)s <> (Miy, Aiy)s < By, y)s, Yy € H.

iel
On the other hand we have
e((Saz,y)a) = o((O> AfNiz,y) )
iel

=Y e((Aiw, Aiy) )

el

=Y (0Ai,07A:)5

el

i€l

= (> A;Aibx, 0y)

iel
= (S0, 0y)5.

Which completes the proof. Il

Duals of K-operator frame

In the following we define the Dual K-operator frame and we give some properties.

Definition 0.18. Let K € End%(H) and {A; € End(H),i € I} be a K-operator
frame for the Hilbert A-module H. An operator Bessel sequences {I'; € End’(H),i €
I} is called a K-duals operator frame for {A;};c; if
Kf=) ATif
el

for all f € H.
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Example 0.19. Let K€ End4*(H) be a surjective operator and {A; € End’(H),i €
I} be a K-operator frame for H with K-frame operator S, then S is invertible.

For all f € H we have :

Sf=2ier MAS.

So Kf =3, AfASTIKF.

Then the sequence {A;S™'K € End%(H),i € I} is a dual K-operator frame of
{A; € Endy(H),i € I}

Theorem 0.20. Let K € End’(H) with closed range and let {A;}icr be K-operator

frame for End’y(H) with frame operator S and frame bounds A and B respectively.
Then {Aiﬂ—S(Ran(K)) (S\;%lan(K)> K}ie[ 1s a K-dual Of {Ai}ie]

Proof. Let {A;},c; be a K-operator frame for End’ (#). Since S : Ran(K) — S(Ran(K))

is invertible, we have
Kz = (Sﬁ%l(m(K)SlRan(K))* Kz
= Siauntsr) (Siunir) K
= STS(Ran(K)) (%Zn(m) Ko

= 3 A AT (rantie)) (STpangiey) K, for all w € A,
i€l

Also, we have

> (Aims(ran(r)) (571" K Aimts(rancaey) (S71) Kwha = D (AN ATs(rangrey) (S71)" Ko, (S71)7 Ka)a
iel i€l

— ($(57Y)" Ku,(87")" Ka)

~ (K, (s7)" Kz)

< A K|P HKTH2 (z,2) 0,0 € H
Hence {Aimgan(ry (S71)° K}, , is a dual of the K-operator frame {A;},c;. O

Theorem 0.21. Let K € End’y(H) with closed range, and {A;};c; be K-operator frame
for End’y(H) with frame bounds A and B. Then, there is one to one corespondence

between K -dual of {\;},.; and operator ¢ € End’y(H,(*(H)) such that R*¢ =0

Proof. Let {I';},c; be a K-dual of K-operator frame {A;},.; with frame bounds C and
D and S be its frame operator. Define a mapping ¢ : H — £?(H) by

(p2); = Tiz — Aimts(Ran(x)) (S7') Kz, 2 € H
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Then ¢ is adjointable operator on H. and we have for each x € H we have
1{(#2)i}ier | = I{Tiz — Aims(ran(y) (S71)" Kabie |l
< |{Tiztier|l + I{As (Ran() (S71)" Kadier|

= | Z<Fﬂ,Fi$>A||1/2 F 1D (Nims(rangry) (871 K, Ams(ganiy (S71) Kx) 4/

el iel
= > @iz, Tiz)a| 2 + 1> (S (ST Ka, (S71)" Ka).al|'/?
el iel

< V) + A7 P K | K| () 2

Also, we have

Rga =Y Af(pa);

i€l

= ZA: (F:‘x — Aiﬂ'S(Ran(K)) (Sil)* Ka;)
el

=Kz - Kx
=0, forallz € H
Conversely, let ¢ € B (1, (*(1)) and R*p = 0.
Liz = ATt g(Ran(K)) (S*1)>k Kz + (px);,x € H
Then, we have
+ [{(p2)i}i

2
< ATYK K g 2ha+ ol 200

[{Tiz}ier|l < H{AMS(RW(K)) (S71)" Ka};

2
< (a0 & 4 117 000
Therefore, {I';},.; is an operator Bessel sequence. Also, we have
Z A;Tix = Z A;‘kAi"TS(Ran(K)) (S_l)* Kz + Z A:((QO.T})»L
il il il

=Kr+ R'px=Kz,x €H

Hence, {I';},c; is a K-dual of the K-operator frame {A;} O

iel”

Theorem 0.22. Let {A;}icr and {T'j},cs are K-operator frame and L-operator frame
respectively in H and K, with duals {A;}ier and {T;}jes respectively, then {A;
fj}i7je[7j s a dual of {Az & Fj}i7jej7j.
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Proof. By definition, Vx € H and Yy € K we have:

Z ANz = Kz
el
> TiTy =Ly
jeJ
then :
(KoL(roy)=KioLy=Y AMAz®» TiTy
iel jeJ
S Ao Iy = Y Atfw oy
i€l JjeJ u,j€el,J
YAz eY DTy =Y (A @T)).(Azx o Ty)
il jeJ v,jel,J
Y ARze) TiTy= Y (MeT) " (Ael).(z@y)
el jeJ i,5€l,J
then {/L ® fj}i,je[,] is a dual of {Ai & Fj}i,jEI,J O

Corollary 0.23. Let {A;;}o<i<njes be a family of Kj-operator frames, such 0 <
i < n and {A;jYo<i<njes their dual, then {Ao; @ Ay ; @ ... ® Apj}jes is a dual of
{A(),j & Al,j (SN & An,j}jEJ-
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