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Abstract.

In this paper, we introduce the concept of continuous g-fusion frame and K-g-fusion
frame in Hilbert C*-modules. Furthermore, we investigate some properties of them

and discuss the perturbation problem for continuous K-g-fusion frames.
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1. Introduction and preliminaries

Frame theory has a great revolution in recent years it was introduced by Duffin and
Schaeffer [7] in 1952 to study some deep problems in nonharmonic Fourier series. In
2000, Frank and Larson [9] introduced the concept of frames in Hilbert C*-modules as a
generalization of frames in Hilbert spaces. The basic idea was to consider modules over
C*-algebras of linear spaces and to allow the inner product to take values in C*-algebras
[15]. A. Khosravi and B. Khosravi [14] introduced the fusion frames and g—frames in

Hilbert C*-modules. Afterwards, A. Alijani and M. Dehghan consider frames with
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C*-valued bounds [2] in Hilbert C*-modules. Recently, Fakhr-dine Nhari et al. [1§]
introduced the concepts of g-fusion frame and K-g-fusion frame in Hilbert C*-modules.
Many generalizations of the concept of frame have been defined in Hilbert C*-modules
(see [10, 20, 21, 22, 23, 24, 25] for more detail).

The notion of a generalization of frames to a family indexed by some locally compact
space endowed with a Radon measure was proposed by Kaiser [11] and independently
by Ali, Antoine and Gazeau [1], and these frames are known as continuous frames.

The paper is organized as follows: We continue this introductory section we briefly
recall the definitions and basic properties of C*-algebra and Hilbert C*-modules. In
Section 2, we introduce the concept of continuous g-fusion frame, the continuous g-
fusion frame operator and establish some results. In Section 3, we introduce the concept
of continuous K-g-fusion frame and gives some properties. Finally, in Section 4, we
discuss the perturbation problem for continuous K-g-fusion frame.

In the following, we briefly recall the definitions and basic properties of C*-algebra,
Hilbert C*-modules. The references for C*-algebras are [4, 6]. For a C*-algebra A if

a € A is positive we write a > 0 and A" denotes the set of positive elements of A.

Definition 0.1. [1]. If A is a Banach algebra, then an involution is a map a — a* of
A into itself such that for all ¢ and b in A and all scalars « the following conditions

hold:

(1) (a)* =a;
(2) (ab)* = ba"
(3) (aa +b)* = aa* + b*.

Definition 0.2. [4]. A C*-algebra A is a Banach algebra with involution such that
la*all = Jlall?
for all a in A.

Example 0.3. Let B = B(H) be the algebra of bounded operators on a Hilbert space
H. Then B = B(H) is a C*-algebra, where, for each operator A, A* is the adjoint of
A.

Definition 0.4. [12]. Let A be a unital C*-algebra and U be a left .A-module such that
the linear structures of A and U are compatible. Then U is a pre-Hilbert A-module if
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U is equipped with an A-valued inner product (.,.) : U x U — A which is sesquilinear
and positive definite. In the other words,
(i) (x,xz) >0 for all x € U and (x,z) = 0 if and only if z = 0;
(ii) (ax +y,2) = al{z,z) + (y,z) for all a € A and z,y, z € U;
(iii) (z,y) = (y,z)* for all z,y € U.

For x € U, we define ||z|| = H(x,x}H% If U is complete with || - ||, then it is called
a Hilbert A-module or a Hilbert C*-module over A. For every a in C*-algebra A, we
have ||a|| = (a*a)?.

Throughout this paper, U is considered to be a Hilbert C*-module over a C*-algebra,
and we denote that Ij; is a countable index set, { Hy fweq is a sequence of Hilbert C*-
submodules over U and {V,, },eq is a sequence of Hilbert C*-modules.

We denote that End’(U,V,) is a set of all adjointable operators. In particular
End’y(U) denote the set of all bounded linear operators on U. We denote R(T’) for the
range of T'.

The following lemmas will be used to prove our mains results.

Lemma 0.5. [19]. Let H be a Hilbert A-module. If T € End*%(H), then
(Tx, Tx) < ||T|*(x,x),Vz € H.

Lemma 0.6. [3]. Let H and K be two Hilbert A-modules and T € End’(H,K). Then
the following statements are equivalent:
(i) T is surjective.
(ii) T™ is bounded below with respect to norm, i.e., there ism > 0 such that | T*z|| >
m||x|| for all x € K.

(iii) T* is bounded below with respect to the inner product, i.e., there is m' > 0 such

that (T*xz, T*x) > m/(x,x) for all x € K.

Lemma 0.7. [2]. Let H and K be two Hilbert A-modules and T' € End’(H,K).

(i) If T is injective and T has a closed range, then the adjointable map T*T is
invertible and
(T D) < T T < | T1%

(ii) If T is surjective, then the adjointable map TT* is invertible and

IrT)~H= < 7T < ||T)%
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Lemma 0.8. [3] Let H be a Hilbert A-module over a C*-algebra A, and T € End’y(H)
such that T* =T. The following statements are equivalent:
(i) T is surjective.
(ii) There are m, M > 0 such that m||z| < ||Tz| < M||z|| for all z € H.
(i) There are m’, M’ > 0 such that m/{z,z) < (Tz,Tz) < M'(x,z) for all x € H.

Lemma 0.9. [8] Let A be a C*-algebra and E, H and K be Hilbert A-modules. Let T €
Endy(E,K) and T € End’(H, K) be such that R(T*) is orthogonally complemented.
Then the following statements are equivalent:

(1) T(T')* < uT'T* for some p > 0.

(2) There exists 1 > 0 such that ||(T')*z|| < p||T*z|| for all z € K.

(3) There exists a solution X € End%(H,E) of the so-called Douglas equation

T =TX.
(3) R(T") € R(T).

Lemma 0.10. [2] If ¢ : A — B is a x-homomorphism between C*-algebras, then ¢ is
positive and increasing, that is, p(AT) C BY, and if a < b, then ¢(a) < ¢(b).

2. Continuous g-fusion frames in Hilbert C*-modules

Definition 0.11. Let { Hy, },ecq be a sequence of closed submodules orthogonally com-
plemented in U, Pg, be the orthogonal projection from U to Hy, Ay € End’ (U, V,,),
w € Q and {vy tweq be a family of weights in A, i.e., each v, is a positive invertible
element from the center of A. We say A = {Hy, Ay, vy fweq 1S & continuous g-fusion
frame for U if

(1) for each x € U, {Ppy,x}yeq is measurable;

(2) for each x € U, the fonction A : Q — V,, defined by A(w) = A,z is measurable;

(3) there exist 0 < A < B < oo such that

(0.1) Az, x) < / v2 (A Py, @, Ay Py, 2)dp(w) < Bz, z), Vo e U.
Q

We call A and B the lower and upper continuous g-fusion frame bounds, respec-
tively. If the right-hand inequality of (0.1) is satisfied, then we call A a continuous
g-fusion Bessel sequence. If A = B, then we call A the tight continuous g-fusion frame.

Moreover, If A= B =1, then A is called the Parseval continuous g-fusion frame.

See [5, 13, 16, 17, 26] for more information on fusion frames and properties.
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Proposition 0.12. Let A = {Hy, Ay, Uy fweq- If A is a continuous g-fusion frame for

U, then {vyAywPm, }wea i a continuous g-frame for U.
Proof. Since A is a continuous g-fusion frame, for each x € U, we have

Az, x) < Avi(AwPwa,AwPHw$>du(w) < Bz, x).
Thus

Az, x) < /Q<vawPwa,vawPHw@d,u(w) < B(z,x).
Hence {vyAywPH, }weq is a continuous g-fusion frame for U. Il
Proposition 0.13. If A is a continuous g-fusion Bessel sequence for U, then the

operator Ty : ®ypeaVw — U, defined by Th({xw}wea) = fQ Vo Prr,, Ak dp(w), for all

{2y tweq € BuweaVu, is adjointable bounded.
Proof. Let {xy}wea € ®weqVw. Then

Ta({zwluen) = s /Q v Pr, Ay dp(w), )|
y fr—

= sup || | (2w, vwhe Pp,y)dp(w)|
lwll=1 " Jo

1 1
< s | [ rwzupduCul /Q 02 (A Prt, y, A Prr, y)dp(w)]|}
y fd

< VB|{zw}ueall
So Ty is bounded. And we have, for all y € U and {2y }weq € ®wea Vs
(Ta{zwbwea,y) = </Q U Prr,, A, xpdp(w), y) = A(ww,vawPHwy)du(w)
= ({zwlwea, {vuAuw P, ywea)-
Thus T (z) = {vwAwPH, T }wea- O

Note that T is called the synthesis operator of A, and T} is called the analysis

operator of A.

Theorem 0.14. If A = {Hy, Ay, vy Juweq 1S a continuous g-fusion frame for U with
frame bounds A and B, then Ty is surjective with ||Tz|| < VB and T is injective and

a closed range.
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Proof. We have, for all z € U,

Az, x) < / v2 (A P, @, Ay P, 2)dp(w) < Bz, x).
Q

Thus

(0.2) Az, x) < (Txz,Thz) < Bz, x).
Hence

(0.3) VA|Jz|| < [T}zl

So T} is injective.

Now we will show that the R(T}) is closed.

Let {T%(zpn)}nen € R(T}) such that lirrln TX(xzn) =y. For n, m € N, we have, from
(0.2),

(T — Ty Ty — T) < A_l(T]{(xn — Zm), Tx(xy, — ).
Thus

[{@n = m, 20 — 2m)|| < ATHTX (20 — 2m) 2.

Since {Tx(zn)}nen is a Cauchy sequence in @yeaVy, |[(Tn — Tm,2n — zm)|| — 0.
Therefore, the sequence {x,},n is a Cauchy sequence in U and so there exists z € U

such that limz,, = z. Again by (0.2), we have
n
ITxzn — Txall < Bl[{wn — 2,20 — 2)]]

and thus ||T}(xn) — Tx(2)|| — 0 implies that T{(x) = y and hence R(T}) is closed.
Finally from (0.3) and Lemma 0.6, Ty is surjective. O

Definition 0.15. Let A be a continuous g-fusion frame for U. Define a continuous
g-fusion frame operator Sy on U by Syz = TaTjz = [, v2 Py, AjAw P, xdp(w) for
all x € U.

Theorem 0.16. The continuous g-fusion frame operator Sy of A is bounded, positive,

selfadjoint and invertible. Moreover,

(0.4) Al < S, < BIy.
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Proof. 1t easy to see that the operator Sy is positive, selfadjoint and bounded.
Now from Theorem 0.14, T is surjective and by Lemma 0.7, TATY is invertible and
so Sy is invertible.

We have, for all z € U,
(Spz,z) = </ v2 Py, A% Ay Py, xdp(w), z) = / 02 (A Prr, 2, Ay Prr, ) dps(w).
Q Q

From (0.1),
Al < Sy < BIy.

This completes the proof. O

In this theorem, we give an equivalent definition of continuous g-fusion frame in

Hilbert C*-module.

Theorem 0.17. Let A = {Hy, Ay, Vwfweq. Then A is a countinuous g-fusion frame

for U if and only if there exist constants 0 < A < B < oo such that

(05)  Alla]]* <] / V(A Prr, x, A Prr, x)dp(w)|| < Blla]|?, Vo e U
Q

Proof. If A is a continuous g-fusion frame for U, then we have the inequality (0.5).
Conversely, assume that (0.5) holds. Then the operator Tp : eV — U, defined

by Ta({zwtweq) = fQ Uy P, Az dp(w), is well-defined, adjointable and bounded

with T% : U = @yeqVi defined by T} ({xwtwea) = {vwAwPH, %} weq, and hence the

operator Sy = Th\T} is selfadjoint and positive. From (0.5), we have, for all z € U,
Allz|? < [|{Txe, Txa)|| < Bllz|”
and so
VAllz|| < [|Tiz|| < VBIlz|l.
Hence
VAllal| < 1I(S3z, S3)l| < VBl
and so by Lemma 0.8, there exist two positive constants A" and B’ such that
Az, z) < (Saz,z) < B' (2, ).
Finally, for all z € U, we have

A/<£L‘,£E> < / vi(AwPHwa:,AwPHw@d,u(w) < B’ (x,x).
Q

This completes the proof. O
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Theorem 0.18. If T : @ycoVy — U, defined by T({xw}wen) = [o vuPr, Ajzwdp(w),
is well-defined and surjective, then {Hy, Ay, Uy }weq 18 a continuous g-fusion frame for

U.

Proof. We have, for all x € U,

H / (AP, A Par, ) dp(w)] = | / (0,02, P, Ny Ao Par, ) da ()|
= Iz, / 0 Pry N A Par, edpa(w)) |

(9]
< izl /Q 02 Prg A%y Aoy Py rdpu(w) |

< l2IT({vwAw P, 2 wea)ll

< 2T N{vwAwPr, 2 weall

1
A /ﬂ 0 (A Prz, A Pag, ) dps(u) | 5.

So

(0.6) H/QvfumeHw%AwPwa>dM(w)\| <171l ]?.

On the other hand, since T is surjective, by Lemma 0.6, T* is bounded below
and hence T* is injective and so T : U — R(T™) is invertible. So for al x € U,

(Tfn(T*))flT*x = z, which implies ||z||? < ||(T/"‘R(T*))*1||2||T*$|’2_ Thus

(0.7) (T rer) ~HI 2l < ||/Qvi<AwPHw$,AwPwa>du(w)|-

From (0.6) and (0.7), {Huy, Aw, Vw fweq is a continuous g-fusion frame for U. O

Theorem 0.19. Let A = {Hy, Ay, vy tweq and T' = {Hy, Ty, vy fuweq be two Bessel
sequences for U with frame bounds By and B, respectively. The operator Q) on U,
defined by Q(z) = [, v2 P, Ui Aw P, xdp(w), is bounded.



JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI

Fakhr-dine Nhari, Choonkil Park, Mohamed Rossafi 248
Proof. Let x € U. Then
Q)] = sup [{(Q(z),y)|| = sup H(/ 02 P, T Aw Ppr, wdp(w), )|
lyl=1 wi=1 Jo
= sup || [ vi{AwPp,x,TowPu,y)du(w)]
=1 Jo
1 1
< s [ o8P AP ) diw) | [ 6T Py T Pa i)
yl|=1 Q Q
1
< (B1Bo)z||z].
This completes the proof. [l

Theorem 0.20. Let A = {Hy, Ay, vy }weq be a continuous g-fusion frame for U and
I' = {Hy, Ty, vy tweq be a continuous g-fusion Bessel sequence for U. If the operator

Q, defined in Theorem (.19, is surjective, then I' is a continuous g-fusion frame for U.

Proof. Suppose that A is a continuous g-fusion frame for U with synthesis operator T).
Since I' is a continuous g-fusion Bessel sequence for U, we define the synthesis operator
Tr : GuweaVw — U by Tr({zwlwea) = [o vw P, [zwdp(w).

We have, for all z € U,

Q(x) :/viPHu,F;AwPmewdu(w):/UwPHwF;(vawPHw:r:)du(w)
Q Q
Then Q = TrTy. Since @ is surjective, there exists € U such that y = Q(z) =

Tr(T{x) and Tz € @yeqViw and hence Tt is surjective. So by Theorem 0.18, I is a

continuous g-fusion frame for U. O

Theorem 0.21. Let A = {Hy, Ay, vy }weq be a continuous g-fusion frame for U with
frame bounds A and B. If 0 € End%(U) is injective and has a closed range and
0Py, = Pp,0 for all w € Q, then {Hy, Ay, vy }weq s a continuous g-fusion frame
for U.

Proof. Since A is a continuous g-fusion frame, for all z € U,

Alz,z) < / vi(AwPHw:U,AwPHw@du(w) < Bz, x).
Q
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We have, for all z € U,
/Qvi(AwﬁPwa,AwﬁPHw@du(w) = /Qvi(AwPHwG:L‘,AwPHwH:B)du(w)
< B{0x,0z)
(0.8) < BJI6][*(z, z).
On the other hand, for all z € U,
/Qvﬁ,(AwﬂPwa,AwGPwa}dﬂ(w) = Qvi(AwPHwajAwPHMQ@du(w)
(0.9) > A(fz,0x).
Since 6 is injective and has a closed range,
(0.10) 11(070) ||~ a, z) < (0*0z, ), Vo e U.
By (0.9) and (0.10), we have
(0.11) Al )| N, z) < /Qvi(AwePwa,AwGPwa>du(w), Vr e U.

From (0.8) and (0.11), we conclude that {Hy, Ayw0, vy fweq is a continuous g-fusion

frame for U. O

Theorem 0.22. Let A = {Hy, Ay, vy }weq be a continuous g-fusion frame for U with
frame bounds A and B. If § € End%(U,V,,) is injective and has a closed range, then

{Huy, 0\, vy fweq is a continuous g-fusion frame for U.

Proof. We have, for all x € U,
Alz,z) < / v2 (A Py, @, Ay P, 2)dp(w) < Bz, z).
Q
Since 6 is injective and has a closed range, for all x € U,

I (0*9)_1 \ |_1 (VA P, vy Ny Py, x) < (0%0vyw Ay P, @, vy Ay P, )

IN

11011 (vw A Pr, @, o Aoy P, ).
So, for all x € U,

H(9*9)1H1/&]vﬁ,<AwPHwa:,AwPwa>du(w) < /Qvi(&*@AwPwa,AwPHw:c>d,u(w)
and

/ V2 (0% 0A it 7, A Par, 2)dp(w) < |[6]2 / 02 (Ao Pyt s Aoy Prt ) dpi(w).
0 Q
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Hence for all z € U,
Al[(6°0) 7|, 2) < / Vi (0Aw Prr, , 0Ay, Pr, ) dp(w) < Bl|6]|*(z, z).
Q
Therefore, {Hy,, Ay, vy fweq is a continuous g-fusion frame for U. O

We give a relationship between a continuous frame and continuous g-fusion frame in

Hilbert C*-modules.

Theorem 0.23. Let w € Q, Ay, € End’y (U, DweaVw) and {ywtveq, be a continuous
frame for V,, with frame bounds Cy, D,, such that there exist C, D > 0 for which

C < Cy and Dy, < D, then the following conditions are equivalent:

(1) {vwPu, ANy ywwtveq, s a continuous frame for U.

(2) {Hw, A, 0w Jweq is a continuous g-fusion frame for U.

Proof. Since {yw }veq,, is a continuous frame for V,,, for all x € U,

Cuw (VA P, 2z, vAyw P, ) < / (0w Pa,, yw,v><yw,v, VA P, ) dp(v)
< Dy (vwAy P, x, VA Pr, ).
Thus

Cw<vawPwaa vawPwa> < / <x7 UwPHwAZ;yw,v><UwPHwAZ;yw,U7 x>dlu'(v)
Qu
< Dy (v Prp, @, vy Ay Prr,, ).

Hence

C (v Pr,,x, VN Prr, ) S/Q (@, V0 Py Ny Y ) (U Py Ny Yo w0, ) d ()
< D{vyAy P, x, vy P, x).

So

C [ 0P AP a)dnw) < [ 0P Nhan) 0P N ) d(0) )

(0.12) < D/ v2 (A P, ) My Prr, ) dp(w).
Q

Suppose that, {vy P, A% yw.e Joeq,, is a continuous frame for U with frame bounds C’

and D'. Then for all z € U,

(0.13) C/(x,x>§// <x,vaHwA*wyww)(vaHwAfuyw’v,x>d,u(v)d,u(w)SD,@:,x).
QJQy
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By (0.12) and (0.13), we have
C’/ 02 (AP, ., Ay Py, 2)dp(w) < D' (z, x)
Q
and
C(x,z) < D/ v2 (AP, , Ay P, ) dp(w).
Q

Therefore,

D7'C (z,x) < / 02 (A Py, x, Ay P, x)dp(w) < C7'D'(z,2), Vo eU.
Q

Thus we conclude that {Hy, Ay, vy }weq is a continuous g-fusion frame for U.
Conversely, suppose that {Hy, Ay, Uy }weq 1S a continuous g-fusion frame for U with

frame bounds C" and D'. Then for all z € U, we have
C'(e,3) < [ W {0uPa . Mo Pa)dil) < D 2,3,
Q
So by (0.12), for all x € U, we have

Cd(x,x)ﬁ// (@, Vo P, Ny Yw ) (Vi Py My Yo v, ) dpp(v) dp(w)
0 Jw
and
[ P A 0 Pat At ) di()di(w) < DD (0,3,
Q JQy

We conclude that {vy, Py, Al yw.w toe, 1 a continuous frame for U. O

Corollary 0.24. Letw € Q, Ay, € Endy(U, Vi) and {yw v }veq, be a Parseval continu-
ous frame for Vi,. Then the continuous g-fusion frame operator of A = {Hy, Ay, Vi }we

is a continuous frame operator of {vy P, NjyYw.vtven, -
Proof. Let x € U and y € V,,. Then

<vaHwA>:uy7 $> = <y7 UwAwPHweT>

= </ <y7yw,v>yw,vd,u(v)>UwAwPHw$>

Qo

= / <y7y’w7’u><yw71}7UwAwPle')d/L(’U)

y /Q (¥ Yoo} 0 Pt Ny oo (0), 7).
So

UwPHwA:uy = / (y, yw,v>UwPHwA;kuyw,vdU(U)'

Qu
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Hence

/ vlzl)PHwA;kﬂAwPwadu(w) - / / v121)<AwPwa7 yQU:U)PHwAZ}y'LU,'L)dM(v)dM(w)
Q QJQy

Therefore, the operator frame of {vy, P, A Yw v bve,, is the continuous g-fusion frame

operator of A. O

Theorem 0.25. Let {U, A, (.,.)a} and {U,B,(.,.)g} be two Hilbert C*-modules and
¢ : A — B be a x-homomorphism and 0 be a map on U such that ¢((z,y) 1) = (0x,0y)p
forall xz, y € U. Suppose that 0 is surjective and O\, Py, = Ny Pp,0 for allw € Q. If
{Huy, A, Vw fweq s a continuous g-fusion frame for {U, A, (.,.) 4} with frame bounds
A and B, then {Hy, Ay, (V) }wea i a continuous g-fusion frame for {U,B,{.,. )}
with frame bounds A and B. Moreover ¢({(Sax,y)a) = (Spbz,0y)s.

Proof. Let y € U. Since 0 is surjective on U, there exists x € U such that y = 6(z),

and so we have

Az, z)4 < / 02 (A Prt, 0, Ay Prt, ) adps(w) < B, z) 4.
Q

By definition of x-homomorphism, we have

P(Az,z) 1) < qﬁ(/Qv?Umewa,AwPwaMdu(w)) < ¢(B(x,x) )
Hence

A(fz,0z)p < /Q¢(vw)2(0AwPme,0AwPHwa:)3du(w) < B(f0x, 0z)p.

Thus

Ay, y)p < /

Q
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Moreover, let x, y € U. then

o((Saz, 5ha) = 6(( /Q 02 Prr, Ay Aoy Py, rdpa(w). ) a)
_¢>(/Q@iPHwAfUAwPwa,y>Adu(w))
:/Q¢(<UEUPHwA;;AwPwa,y>A)du(w)
_ /Q 3(v2) (0Ay Prr, @, 00 Py, ) pdpi(w)
_ /Q (va)?(Aw Prr., 02, A Prr, 0 5dps(w)
_ /Q 3(v0)? (Prr, A%y Aoy Prr, 0, 0y sddps(w)

= </Q ¢(Uw)2PHwA:‘UAwPHw9:Cdu(w),9y>3

= (Sp0,0y)5.
This completes the proof. O

3. Continuous K-g-fusion frame in Hilbert C*-modules

We begin this section with the following lemma.

Lemma 0.26. Let {Hy,}weq be a sequence of orthogonally complemented closed sub-
modules of U and T € End%(U) is invertible. If T*TH, C H, for all w € Q,
then {THy}wea s a sequence of orthogonally complemented closed submodules and

PHwT* = PHwT*PTHw-

Proof. Firstly, for each w € Q, T : H, — TH,, is invertible and so each TH,, is a
closed submodule of U. We will show that U = TH,, ® T(H;5). Since U = TU, for
each z € U, there exists y € U sutch that x = T'y. On the other hand, y = u + v for
some u € H, and v € H-. Hence v = Tu + Tv, where Tu € TH,, and Tv € T(H).
It is easy to show that TH, NT(H}) = (0). So U = TH,, ® T(H). Hence for every
y € Hy, h € H}: we have T*Ty € H, and therefore (T'y, Th) = (T*Ty,h) = 0 and
so T(H}) € (THy,)* and consequently T'(H-) = (T H,)* which implies that TH,, is
orthogonally complemented.

Let z € U. Then we have z = Pry,x + y for some y € (THy,)*. Then Tz =
T*Pry,x + T*y. Let v € H,. Then (T*y,v) = (y,Tv) = 0 and so T*y € H;-. Thus
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we have PHwT*fL‘ = PHwT*PTwa + PHwT*y and so PHwT*:E = PHwT*PTle‘, which
implies that for all w € 2 we have Py, T* = Py, 1" Prg,,. O

Definition 0.27. Let K € End’(U). Let { Hy, }weq be a sequence of closed submodules
orthogonally complemented in U, Py, be the orthogonal projection from U to H,,,
Ay € Endy(U,Vy,) for all w € Q and {vy}wen be a family of weights in A, i.e.,
each vy, is a positive invertible element from the center of A. Then we say that A =

{Hy, A, Vy }weq is a continuous K-g-fusion frame for U if

(1) for each x € U, { Py, x}weq is measurable;
(2) for each = € U, the function A : Q — V,, defined by A(w) = A,z is measurable;
(3) there exist 0 < A < B < oo such that
(0.14) A(K*x, K*x) < /g)vi(AwPHwa:,AwPHw@du(w) < B{x,z), Ve e U.
We call A and B lower and upper frame bounds of a continuous K-g-fusion frame,
respectively. If the left-hand inequality of (0.14) is an equality, then we say that
{Hy, A, vy fweq is a tight continuous K-g-fusion frame.
If A= B =1, then we say that {Hy,, Aw, vw fweq is a Parseval continuous K-g-fusion
frame for U.
If the right-hand inequality of (0.14) holds, then {Hy, Ay, Vw fweq is called a con-

tinuous g-fusion Bessel sequence with a bound B for U.

Proposition 0.28. Let K € End(U).

Every continuous g-fusion frame for U is a continuous K-g-fusion frame for U.

Proof. Let A = {Hy, Ay, Uy fweq be a continuous g-fusion frame for U. Then for all

z e U,

Alw.a) < [ 0h(0wPiz, A Pir,2)du(w) < Blo,a).
Q
And we have, for all z € U
(K*z, K*z) < ||K|[*(z,2) = [|K||7*(K*z, K*z) < (z,2).

So

A||K||_2<K*x,K*x> < / vi(AwPwa,AwPHw@du(w) < B(z,x).
Q

Therefore, A is a continounus K-g-fusion frame for U. 0
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Remark 0.29. Let A = {Hy, Ay, vy fweq be a continuous g-fusion Bessel sequence for
U with continuous g-fusion frame operator Sy. If A is a continuous K-g-fusion frame

for U with frame bounds A and B, then we have

(0.15) AKK* < Sy < BIy.

Theorem 0.30. Let A = {Hy, Ay, vy bweq be a continuous g-fusion Bessel sequence
for U with continuous g-fusion frame operator Sy for U. Then A is a continuous K-g-

fusion frame for U if and only if there exists a constant A > 0 such that AKK* < Sy.

Proof. Let A be a continuous K-g-fusion frame for U. Then from (0.15) we have the
result.

Conversely, assume that there exists a constant A > 0 such that AKK* < §,. Since
A is a continuous g-fusion Bessel sequence for U, AKK* < Sy < Bly. So A is a

continuous K-g-fusion frame for U. O

Theorem 0.31. Let K € End(U) and A = {Hy, Ay, v }wen be a continuous g-fusion
N
Bessel sequence for U with frame operator Sx. Suppose that R(S3) is orthogonally

1
complemented. Then A is a continuous K -g-fusion frame for U if and only if K = S{Q
for some Q € End(U).

Proof. Since the operator frame Sy is positive self-adjoint, so is also S[%.

Assume that A is a continuous K-g-fusion frame for U. Then there exists A > 0
such that K K* < %S/%S/%, and by Lemma 0.9, there exists () € End’(U) such that
K= S/%Q.

Conversely, suppose that there exists () € End’(U) such that K = S[%Q. Then by
Lemma 0.9, there exists A > 0 such that K K* < )\S/%S/% = A5\ and so %KK* < Sj.

Hence A is a continuous K-g-fusion frame for U. 0

Theorem 0.32. LetT € End’y(U) be an invertible operator on U and A = {Hy, Ay, Vi fwen
be a continuous K-g-fusion frame for U with frame bounds A and B for some K €
Endy(U). Then T' = {THy, APy, T, vy fweq is a continuous TKT*-g-fusion frame

for U.
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Proof. Let x € U. By Lemma 0.26,

/0121;<AwPHwT*PTHw$;AwPHwT*PTwa>d/JJ(w):/U?H(AwPHwT*m;AwPHwT*$>dM(w)
Q Q
< B(T*z,T"z)

(0.16) < B||T|X(x, ).
On the other hand, for all z € U,

A(TKT*) z,(TKT*)*z) = A(TK*T*z, TK*T*z)
< A||T||)2(K*T*z, K*T*z)

< HTHQ/Qvi(AwPHwT*a:,AwPHwT*x)du(w)

= ]|T||2/Qv,i(AwPHwT*x,AwPHwT*m)du(w).

So
(0.17)
AT 2(TKT*)*z, (TKT*)*z) < / v2 (AP, T* Pryg,x, Ay P, T* Pry, x)du(w).
Q
From (0.16) and (0.17), we have T" is a continuous T'KT*-g-fusion frame for U. O

Theorem 0.33. If {T' Hy, Ay P, T*, vy }weq s a continuous K -g-fusion frame for U
with frame bounds A and B, then {Hy, Ay, vy Yweq 5 a continuous T~ KT-g-fusion
frame for U.

Proof. Let x € U. By Lemma 0.26, we have

/Ui(AwPwa,AwPme)du(w)—/vi(AwPHwT*(T*)_lx,AwPHwT*(T*)_1x>d,L1,(w)
Q Q
= / Ve (Mo Prp,, T* Py, (T*) "', A Ppr, T* Pry,, (T%) ™ ) dpa(w)
Q

< B(T") ', (T%) ')

(0.18) < BI[(T*) ||, ).
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Also we have, for all x € U,
A(T'KT)* 2, (TT'KT)*z) = A(T*K* (T~ Y2, T*K*(T™)*x)
< A[T|P{KH(T ), KT ) x)

< |17 /Q 02 (AwPit, T* Prag, (T, Ay Py, T Prpg, (T~ ) 2)dja(w)

< |IT|P? / 08 (A Prr, . Ay Par, ) dp(w).
Q
Hence

(0.19)  A|T|| (T *KT)*z, (T 'KT)*z) g/vﬁ,meHwT*a:,AwPHwT*xmu(w).
Q

From (0.18) and (0.19), we conclude that {H, Ay, vy fweq is a continuous T~ KT-g-

fusion frame for U. O

Theorem 0.34. Let K € End(U) be an invertible operator, A = {Hy, Ay, Vi fwen
be a continuous g-fusion frame for U with frame bounds A, B and Sx be an associ-
ated continuous g-fusion frame operator. Then {KS’Xle,AwPHw SXIK*,'UU}}U;GQ s a

continuous K -g-fusion frame for U.

Proof. Put T = KS,', which is invertible and T* = (KS;')* = Sy'K*. Then by
Lemma 0.26, for all x € U,

/QU120<AwPHwT*PTHw$7AwPHwT*PTHw1?>dN(w) = /Qvi(AwPHwT*x,AwPHwT*x>d,u(w)
< B(T"z,T"x)

(0.20) < B||T|*(z, z)

We have, for all z € U,

(K*z, K*z) = (SASy K ¥, SASy P K x) < ||SA||*(Sy K, Sy K w)
< B¥(S 'K*z, Sy K*x)
and
/Q 02 (M P, T* Pri, @, Ay P, T* Prg, x)dp(w) > A(Sy K z, Sy K )

A * *
> §<K x, K*z).

Therefore, {KSXlﬂw, AP, SXlK*, Uy hweq 18 a K-g-fusion frame for U. O
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Theorem 0.35. Let K € End%(U) and A = {Hy, Ay, v fwen be a continuous K-g-
fusion frame for U with frame bounds A and B. Suppose that G € End(U), R(G) C

R(K) and R(K*) is orthogonally complemented. Then A is a continuous G-g-fusion
frame for U.

Proof. Since R(G) C R(K) and R(K*) is orthogonally complemented, by Lemma 0.9,
there exists A > 0 such that GG* < AK K* amd hence

A
—(G*zr,G*z) < A(K*z, K*z) < (Spz,z) < Bz, 1), Ve e U.
A

So {Hy, Ay, Uy Jweq is a continuous G-g-fusion frame for U. O

Theorem 0.36. Let K € End(U) and A = {Hy, Ay, v }wen be a continuous g-fusion

Bessel sequence for U with synthesis operator Ty. Suppose that R(T) and R(K*) are
orthogonally complemented. Then the following statements hold:
(1) If A is a tight K-g-fusion frame for U, then R(K) = R(Ty).
(2) R(K) = R(Ty) if and only if there exist two constants A and B such that
A(K*z, K*x) < / v2 (A Py, 2, Ay P, ) dp(w) < B(K*z, K*x), Ve e U.
Q

Proof. (1) Suppose that A is a continuous tight K-g-fusion frame for U. Then for all

rzeU,
AK 'z, K*x) = Avi(AwPwajAwPHw@du(w) = (Txz, Txx).
So
AKK*z,z) = (TzT)z, )
and hence

AKK* = T\T}.

By Lemma 0.9, we have R(Th) = R(K).
(2) Assume that R(K) = R(Tx). Then by Lemma 0.9, there exist two constants A
and B such that

AKK* <T)\Tx < BKK".

Hence

A(K*x, K*x) < / v2 (A Ppr, &, Ay Py, z)dp(w) < B(K*z, K*z).
Q
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Conversely, suppose that there exist two constants A and B such that

A(K 'z, K*x) < / v2 (A Pry, 2, Ay Prr, ) dp(w) < B(K*z, K*x), Ve e U.

Q
Thus
A(KK*z,z) < (ThATrz,z) < B(KK*x,z), Vo e U.
So
AKK* <T)\Tx < BKK"™.
By Lemma 0.9, we have R(K) = R(Th). O

Theorem 0.37. Let K € End(U) and A = {Hy, A, Vu }weq. Suppose that T : U —
DweaVw is given by T(x) = {vwAywPr,x}wea. Then A is a continuous K-g-fusion

frame for U if and only if there exists two constants A and B such that
(021)  AllEK*z(]* < || / V(A P, @, A Prr, 2)dp(w)|| < Bllzl[?, Vo e U.
Q

Proof. Suppose that A is a continuous K-g-fusion frame for U. Then we have (0.21).
Conversely, assume that (0.21) holds. Then we have, for all x € U,

I [ wPuNwudn()l = sup |1 vuPis, Ayedutu). )]
Q lyll=1 /&

= sup || [ (zw, vwho P, y)dp(w)]|
lwll=1 " Jo

1 1
< sup || <xw,xw>du(w)ll2|\/vi<AwPHwy,AwPHwy>H2
lwli=1 Ja Q

< VB|{zw}weall

Thus the series [ vw P, A, zwdp(w) converge in U and we have, for all z € U and

{mw}weﬁ S GaweQVwa
(Tz, {zw}wen) = {VwlhwPH,Twtwe, {Twlwea)
= / (VN Prr, T, o) dpu(w)
Q
= / (@, Uy Prry NyyTow) dp(w)
Q

= <9U,/QUwPHwAZ,9de,U(w)>-

Hence T is adjointable and so, for all x € U,

(T, T) = / 02 (A Prr, @, A Prr, ) dp(w) < || T2 (2, ).
0
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On the other hand, from (0.21), we have, for all z € U,
IK*2]]? < |||
—A
and by Lemma 0.9, there exists a constant A > 0 such that K K*x < XT*T'z. Therefore,

(K*z, K*z) < (Tz,Tx) = / v2 (A Pry, 2, Ay Py, ) dps(w)
Q

> =

forallz e U. O

Theorem 0.38. Let K; € End’y(U) for alli € {1,..,n} and A = {Hy, Ay, Vy }uwen be a
continuous K;-g-fusion frame for U with frame bounds A; and B. Suppose thatT : U —

DuweaVw is given by Tx = {vyAy P, x}weq and R(T) is orthogonally complemented.

Then A is a continuous y ;- | K;-g-fusion frame for U.

Proof. Let x € U. Then
n n 1 n
IO K e, (D Ka) @)z = [1( D Ki) =]
i=1 i=1 i=1
n
=Y Kzl
i=1
n
<Y 1K |
i=1

"1 1
<) ﬁ||/vi<AwPHw-’E,AwPHw93>du(w)H2
o VA e

and so

0:22) (3 —=2)?I(

1

n

D K, (Y Ki) @)l < ||/QUq2u<AwPHw$,AwPwa>d,u(w)||.

i=1 =1

On the other hand, for all x € U,
(0.23) [ / 02 (A Poty , Ao Pat, @) da(w)]| < B[z
Q

From (0.22) and (0.23), we conclude that A is a continuous » ;- ; K;-g-fusion frame for

U. g

Theorem 0.39. Let K; € Endy(U) for alli € {1,..,n} and A = {Hy, Ay, Vo fwen
be a continuous K;-g-fusion frame for U with frame bounds A; and B. Then A is a

continuous | [}, K;-g-fusion frame for U.
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Proof. Let x € U. Then
n n 1 1
i=1 i=1 i=n i=n
2
< 4| [T K7 1P (KT, Kiz)
i=n
2
< TLIEP [ 0 Pa . A Pa ) i)
i=n Q
and hence
2 n n
A (T] HK,;H?)*%(HKZ-)*Q;, ([[E) =) < /Qvfu(AwPwa,AwPHw@du(w).
i=n i=1 i=1
And we have, for all z € U,
/ v2 (AP, z, Ay P, z)dp(w) < Bz, z).
Q
Therefore, A is a continuous [[_; K;-g-fusion frame for U. g

4. Perturbation of continuous K-g-fusion frames

Theorem 0.40. Let A = {Hy, Ay, vy bweq be a continuous K-g-fusion frame for U
with bounds A and B and {T'y}weq € End’y (U, Vy,). Suppose that

(1) forallz €U,

I{(vwhwPr, — 20l'wPz,) T weall
< MIH{(vwhAwPr,, )T} weel| + A2l (20w Pz, )T bweal| + €| [ K ||,

where 0 < A\, o < 1 and € < (1 — \)VA;
(2) T :U — ®yeaVw is given by T'(z) = {zw'wPz, T }wea and R(T') is orthogonally
complemented.

Then {Zy, Tw, 2w tweq is a continuous K-g-fusion frame for U.
Proof. We have, for all z € U,
I{(zwl'wPz,)2}weall < [{(vwho P, — 20w Pz, )2 weal| + [[{vwAw P, 2 oeal|
< Ml{(vwAwPr,, )7t weall + A2|{ (zul'w Pz, )% tweal | + €| [K ]|

+ [{(vw A Pr, )2 }weall

< (M1 + DI{(vwhw Prr, )z twcall + A2l [{ (20T Pz, )2 bweall + € [K ]|
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and hence

(1 = X2)[{(zwlw Pz, )z }weall < (1+ A)|{ (0w Pr,, )x}weall + € [ K],

So

(1= A2)l /Q 22 (P Pz, @, Py, @)du(w)||2 < (1+ M)VB][z| + el [K]]||z].
Thus
©2) 1| [ 2Euprr Tups ) < (LB

On the other hand, for all z € U,

K (zwl'w Pz, )7 weal| 2 [{vwhw Pr, e weall — [{ (vwAw Pr, — 20TwPz,) 7 weall
2 [{vwhw P, e }weall = Ml{ (vwhw Pr, )2 weal|
— X|{(zul'w Pz, )2t weall — €[ K x|
> (1= M) |{vwhAw P,z tueall = Aol[{(2ul'w Pz, )2 weal| — €l [K ||

and so

(1 + A2)[{(zulw Pz, )x}weall = (1 = A)[{vwAw Pr, 2 tweall — € K x]].

Thus
1— A—
| [ 0Pz TP a)duto)]| > <( M)vA E)HK*:UII
Q 1+ )\2
and hence
1—M)VA—€\?
025) | [ ATuPrnTuPsaddutw)]| > (( VA ) K.
Q 14+ )\2

From (0.24) and (0.25), we conclude that {Zy,, 'y, 2w fweq is a continuous K-g-fusion
frame for U. O

Theorem 0.41. Let A = {Hy, Ay, vy }weq be a continuous K-g-fusion frame for U
with frame bounds A and B and {I'y}weq € Endy(U,Vy,). Suppose that

(1) there exists M > 0 such that, for all x € U,

| [ (@uboPi, = 2uTuP2,)o. (vubuPit, = TPz, )o)dutw)]|
Q

SM(H [ o8P AP sl [ zi<erzwx,rwpzmdu(wm);
Q [9]

(2) T :U — ®yeaVu is given by T'(z) = {zw'wPz, T }wea and R(T') is orthogonally

complemented.
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Then { Zy, Ty, 2w tweq is a continuous K -g-fusion frame for U.
Proof. For all x € U,
VAIK al| <11 | (0 Pa APty a)duw)
= |{(vwAw P, )z}
< [{(vwhAw P, — 20l'w Pz, )2 tweal| + [{ (zuwlw Pz, )T tweal|
= /Q (vwAwP, — 20TwP2,)T, (Vwhw P, — 20T wPz, )z)du(w)||2
1| [ TuPa e TP, a)dutw)

<1+ \/M)H/Qz?u<Fszwx,FwPwa)du(w)H%

and so

VA
14+vM

On the other hand, for allx € U,

(0.26) K] < H/ 22 (Do Py, @, Doy Py, w)dp(w)] .
Q

| [ 0Pz P Paaldu(w)lF = {zuhuProhueal
< H{(uTwPr, — vwhwPry)zhwcoll + |{(vwhe P, ) hucol
<V [ (0 Pa Ao Pr,a)diw)f 4+ [ w0 P, A Pa 2w
< (AT )| [ ohiuPiz, Ao Paa)du(w)

(0.27)
< (VM + 1)VBl[z|.

Then from (0.26) and (0.27), we conclude that {Z,, 'y, 2w }weq is a continuous K-g-

fusion frame for U. O

5. Conclusion
We introduced the concept of continuous g-fusion frame and K-g-fusion frame in
Hilbert C*-modules. Furthermore, we investigated some properties of them and dis-

cussed the perturbation problem for continuous K-g-fusion frames.
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