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Abstract.

In this paper, we stady the tensor product of g—fusion frame in Hilbert C* —modules and we
give the frame operator for a pair of g—fusion Bessel sequences in tensor product of Hilbert

C*—modules.
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1. Introduction and Preliminaries

In the study of vector spaces one of the most important concepts is that of a basis, allowing
each element in the space to be written as a linear combination of the elements in the basis.
However, the conditions to a basis are very restrictive: linear independence between the ele-
ments. This makes it hard or even impossible to find bases satisfying extra conditions, and
this is the reason that one might look for a more flexible substitute. Frames are such tools.
A frame for a vector space equipped with inner product also allows each element in the space
to be written as a linear combination of the elements in the frame, but linear independence
between the frame elements is not required.

Frames for Hilbert spaces were introduced by Duffin and schaefer [5] in 1952 to study some
deep problems in nonharmonic fourier series by abstracting the fondamental notion of Gabor

[6] for signal processing.
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Many generalizations of the concept of frame have been defined in Hilbert C*-modules [7, 9,
11, 12, 13, 14, 15]

Tensor products have important applications, for example tensor products are useful in the
approximation of multi-variate functions of combinations of univariate ones.

In this paper we consider the tensor product of Hilbert C* —modules and we generalize some
of known results about frames to generalized-fusion frames in Hilbert C* —modules.

The paper is organized as follows, we continue this introductory section we briefly recall
the definitions and basic properties of C*—algebra and Hilbert C*—modules. In section 2,
we introduce the concept of g—fusion frame, and gives an equivalent definition. In section 3,
we introduce the concept of the tensor product of g—fusion frame and gives some properties.
Finally in section 4, we discuss the frame operator for a pair of g—fusion Bessel sequences in
tensor product of Hilbert C* —modules.

In the following we briefly recall the definitions and basic properties of C*-algebra, Hilbert
A-modules. Our reference for C*-algebras is [4, 3]. For a C*-algebra A if a € A is positive we

write a > 0 and AT denotes the set of positive elements of A.

Definition 1.1. [3]. If A is a Banach algebra, an involution is a map a — a* of A into itself
such that for all ¢ and b in A and all scalars « the following conditions hold:

(1) (@) =a.

(2) (ab)* =b*a*.

(3) (aa+b)* = aa* + b*.

Definition 1.2. [3]. A C*-algebra A is a Banach algebra with involution such that :
la*all = |lall?
for every a in A.

Example 1.3. B = B(H) the algebra of bounded operators on a Hilbert space, is a C*-algebra,

where for each operator A, A* is the adjoint of A.

Definition 1.4. [8]. Let A be a unital C*-algebra and H be a left .A-module, such that the
linear structures of A and U are compatible. H is a pre-Hilbert A-module if H is equipped
with an A-valued inner product (.,.) : H x H — A, such that is sesquilinear, positive definite
and respects the module action. In the other words,
(i) (z,z) > 0for all x € H and (z,z) = 0 if and only if z = 0.
(i) (ax+y,z) = al{z,z) + (y,z) for all a € A and z,y,z € H.
(iii) (z,y) = (y,x)* for all z,y € H.
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For € H, we define ||z|| = ||(z,z)||z. If H is complete with ||.||, it is called a Hilbert
A-module or a Hilbert C*-module over A.

Throughout this paper I and J are finite or countably infinite index sets, we fix the nota-
tions A and B for a given unital C*—algebras, H and K are the countably generated Hilbert
A—module and B—module, respectively. Let {H;};cr and {Kj};cs are the sequences of closed
orthogonally complemented submodules of H and K, respectively. {W;};c; and {V;};es are
the sequences of Hilbert C*—modules. End’(H,W;) is a set of all adjointable operator from
H to W;. In particular End* (H) denote the set of all adjointable operators on H. Pp, denote
the orthogonal projection onto the closed submodule orthogonally complemented H; of H.

Define the Hilbert A—module
P({Witier) = {wibier w € Wi, || > (i, 23)|| < o0}
iel

with A—valued inner product ({; }icr, {¥itier) = D ;e (i, vi), where {x; }icr, {y}icr € PP{Wi;}tier)

Lemma 1.5. [2]. Let H and K two Hilbert A-modules and T € End(H,K). Then the

following statements are equivalent:

(i) T s surjective.
(ii) T is bounded below with respect to norm, i.e., there is m > 0 such that ||T*z| > m|z||
forallx € K.
(iil) T* 4s bounded below with respect to the inner product, i.e., there is m’ > 0 such that

(T*x, T*z) > m'{x,x) for allx € K.

Lemma 1.6. [1]. Let U and H two Hilbert A-modules and T € End’y (U, H). Then:

i is injective an as closed range, then the adjointable map is invertible an
i) If T is injecti d T has closed then the adjointabl T*T is invertible and
(=)=~ < 7T < || 7).
(ii) If T is surjective, then the adjointable map TT* is invertible and
(=)=~ < 7T < |7

Lemma 1.7. [2] Let H be a Hilbert A-module over a C*-algebra A, and T € End’(H) such
that T* =T. The following statements are equivalent:
(i) T is surjective.
(ii) There are m, M > 0 such that m|z|| < |Tz| < M|z||, for all x € H.
(i) There are m', M’ > 0 such that m’(z,z) < (Tz,Tz) < M'{(z,z) for all x € H.
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2. g—fusion frame in Hilbert C*—modules

We begin this section with the following lemma:

Lemma 2.1. Let {H;}ics be a sequence of orthogonally complemented closed submodules of H
and T € End%(H) invertible, if T*TH; C H; for each i € I, then {TH;}icr is a sequence of

orthogonally complemented closed submodules and Py, T* = Py, T* Pry,.

Proof. Firstly for each ¢ € I, T : H; — TH; is invertible, so each T H; is a closed submodule
of H. We show that H = TH; ® T(H;"). Since H = TH, then for each x € H, there exists
y € H sutch that = Ty. On the other hand y = u + v, for some u € H; and v € H;-.
Hence x = Tu + Tv, where Tu € TH; and Tv € T(H;-), plainly TH; N T(H;-) = (0), therefore
H = TH; ® T(H#). Hence for every y € H;, z € H* we have T*Ty € H; and therefore
(Ty,Tz) = (T*Ty,z) = 0, so T(Hi*) C (TH;)* and consequently T(H;*) = (TH;)* witch
implies that T H; is orthogonally complemented.

Let z € H we have z = Pry,x+y, for some y € (TH;)*, then T*x = T* Pry,z+T*y. Letv € H;
then (T*y,v) = (y, Tv) = 0 then T*y € H;* and we have Py, T*x = Py, T* Pry,x + Py, T*y,
then Py, T*x = Py, T* Prg,« thus implies that for each ¢ € I we have Py, T* = Py, T* Pry,. 0O

Definition 2.2. Let {H,;};cr be a sequence of closed orthogonally complemented submodules
of H, {v;}icr be a familly of positive weights in A, i.e., each v; is a positive invertible element
from the center of the C*—algebra A and A; € End%(H,W;) for all i € I. We say that
A ={H;,A;,v;}icr is a g—fusion frame for H if and only if there exists two constants 0 < A <

B < oo such that

(2.1) Az, x) < v} (AiPy,x, AiPy,x) < B(z,z), Vo€ H.

il
The constants A and B are called the lower and upper bounds of g—fusion frame, respactively.
If A = B then A is called tight g-fusion frame and if A = B = 1 then we say A is a Parseval

g—fusion frame. If A satisfies the inequality
Zv?(AiPHiac, APy, z) < B(z,x), Vo e H.
il

then it is called a g—fusion Bessel sequence with bound B in H.

Lemma 2.3. let A = (H;, A;,v;)icr be a g—fusion Bessel sequence for H with bound B. Then

for each sequence {z;}icr € >({W;}icr), the series Y., - ; v; Pu, N} x; is converge unconditionally.

el
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Proof. let J be a finite subset of I, then

1> viPa A = Sup 1O viPa, A, )|

ied Wll=1 g

1 1
<Y (s zll® sup |1 vf (AiPry, APyl

ieJ llvll=1"ies
1
< VB a2
icJ
And it follows that 3, v;Pw;Aj f; is unconditionally convergent in H. O

Now, we can define the synthesis operator by lemma 2.3

Definition 2.4. let A = (H;, A;,v;)ier be a g—fusion Bessel sequence for H. Then the operator
Ta : >({W,}icr) — H defined by
Ta({zitier) = Y viPw,Ajws,  V{aibier € P{Wikier).
iel
Is called synthesis operator. We say the adjoint Ty of the synthesis operator the analysis

operator and it is defined by T3 : H — [2({W, }.e1) such that
TX(&L’) = {UZAJDHI (1‘)}i€[, Vo € H.
The operator Sy : H — H defined by
Sy =TaTrz =Y viPuy,Aj APy, (z), VzeH.
jerI
Is called g—fusion frame operator. It can be easily verify that
(2.2) (Saz,x) =Y v} (AiPpy,(x), APy, (2)), Vo€ H.
icl

Furthermore, if A is a g—fusion frame with bounds A and B, then
Az, z) < (Spx,x) < Blx,x), Vo e H.

It easy to see that the operator S, is bounded, self-adjoint, positive, now we proof the
inversibility of Sp. Let x € H we have
* 1
175 (@) = [{vilki Pw, () Yier || = || Y vF (Ai Pa, (), AiPrr, ()]
il

Since A is g—fusion frame then
1 *
VA|[(z,2)||7 < ||Txal]
Then
VA||z|| < || T3zl

Frome lemma 1.5, Ty is surjective and by lemma 1.6, TATR = Sy is invertible. We now,

Al < Sy < Bly and this gives B~y < Sy < A7y
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Theorem 2.5. Let H be a Hilbert A—module over C*—algebra. Then A = (H;, A;,v;)icr s a
g—fusion frame for H if and only if there exist two constants 0 < A < B < 0o such that for all
reH

All(z,2)|| <11 0f (Ai Pz, AiPr,o)|| < B|{w, 2)|l-
icl

Proof. Suppose A is g—fusion frame for H, then for all x € H,

All(, )] < 11> v (M P, A Pr,a)|| < B|(x, 2)]|
el

Conversely, for each x € H we have

1Y 02 (AP, A Pa,a)|| = || D (0ihi P, i Py, )|
i€l i€l

= |[({vili Pa, v }icr, {vi\i P,z }ier) ||
= |[{vili Pu, z}icr]?.
We define the operator L : H — @®;e;W; by L(z) = {v;A; Py, }icr, then
IL(@)|* = [[(viAiPr,2)ier|[* < Blle|l.
L is A—linear bounded operator, then there exist C' > 0 sutch that
(L(z), L(z)) < C{x, x), Vo € H.

So

> vA(A; Py, AiPyx) < Clw,x),  Va € H.

Jjel
Therefore A is a g—fusion Bessel sequence for H. Now we cant define the g—fusion frame
operator Sy on H. So

ZU?(AJ-PWJ.x,A]—Pij) = (Saz, ), Vo € H.

JjeJ

Since Sy is positive, self-adjoint, then
<S/%.T,S[%I>:<SAI,.T>, Vo € H.
That implies
Allz, )| < ¢S5z, SF2)|| < Bl[(z,x)l|, Vo€ H.
Frome lemma 1.7 there exist two canstants A/, B’ > 0 such that
Ale,z) < (S2z,82z) < B (z,2), VfeH.

So
Az, x) < va(AiPHix,AiPHi@ < B'(z, ), Vo € H.
iel
Hence A is a g—fusion frame for H. O
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3. Tensor product of g—fusion frame in Hilbert C*—modules

Suppose that A, B are unitals C*—algebras and we take A® B as the completion of A®q4 B
with the spatial norm. A ® B is the spatial tensor product of A and B, also suppose that H
is a Hilbert A—module and K is a Hilbert B—module. We want to define H @ K as a Hilbert
(A® B)—module. Start by forming the algebraic tensor product H ®q;4 K of the vector spaces
H,K (over C). This is a left module overh (A ®qiy B) (the module action being given by
(a@b)(z®y) =ar®byla € Abe B,x € Hyy € K)). For (z1,22 € H,y1,y2 € K) we define
(21Qy1, 22 ®@Y2) AgB = (T1,22) AR (Y1, Y2)5. We also know that for z = Y | 2;®y; in H®q1y K
we have (z,2) aeB = >, (i, 2j) A ® (Yi, y;)8 > 0 and (z, 2) agp = 0 iff 2 = 0. This extends by
linearity to an (A ®g4 B)—valued sesquilinear from on H ®q;4 K, which makes H ®¢4 K into
a semi-inner-product module over the pre-C*—algebra (A ®q;4 B). The semi-inner-product on
H ®q14 K is actually an inner product. see [10]. Then H ®g414 K is an inner-product module over
the pre-C* —algebra (A®q4 B), and we can perform the double completion discussed in chapter
1 of [10] to conclude that the completion H ® K of A®g4 B is a Hilbert (A ® B)—module. We
call H® K the exterior tensor product of H and K. With H, K as above, we wish to investigate
the adjointable operators on H® K. Suppose that S € End(H) and T' € Endg(K). We define
a linear operator S® T on H® K by S@T(x®y) =Sz Ty (z € H,y € K). It is a routine
verification that is S* ® T is the adjoint of S ® T, so in fact S® T' € Endy,pz(H @ K). We
note that if a € A and b € BT, then a® b € (A® B)". Plainly if a,b are Hermitian elements

of A and a < b, then for every positive element x of B, we have a @ © > b ® =x.

Definition 3.1. Let {v; }ier, {w;}jes be two families of positive weights, i.e., each v; and w;
are positive invertible elements of A, and A; ® I'; € End%(H ® K,W; ® V) for each i € I
and j € J. Then the family A®@T = {H; ® K;,A; ® I'j,v;w; }; ; is saide to be a generalized
fusion frame or g—fusion frame for H ® K with respect to {H; ® K}, ; if there exist constants

0<A<B<oosuchthat foralz @y e H® K
Alr®@y,z@y) < Z’U?w?((/\i @) Pr,ek, (r®y), (A @1))Prok, (z®y)) < Blz®@y,r®y)
irj

where Pp,gx; is the orthogonal projection of H ® K onto H; ® K;. The constants A and B
are called the frame bounds of A®T'. If A = B then it is called a tight g—fusion frame. If the
family A ® I' satisfies the inequality, for each x @ y € H @ K

Zvizw?«/\i QL) Pk, (x@y), (A ®@T) Pk, (r@y)) < Bz Ry, r®y)
%,

then it is called a g—fusion Bessel sequence in H ® K with bound B.
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Definition 3.2. For i € I and j € J, define the Hilbert A ® B—module

P{W;e Vi) = {{zioy} 0y e Wi@ Vi || ) (i ® yj, 2 © ;)| < oo}

4,J
with the A ® B—valued inner product
{zi @yt Az, @y;}) = Z@z ® Y5, T; ® Y5)
()
= @ m)w, ® (5, 9))v,
()
= (Stenaiwe ) o (i)
iel jeJ

= <{$i}iel7 {$i}iel>l2({Wi}i€1) ® <{yj}j€J7 {yj}j€J>l2({Vi}jeJ)‘

Theorem 3.3. The families A = {H;, A;,v; }ier and T = {K;,T;,w;}es are g—fusion frames
for H and K with respect to {W;}icr and {V;}jcs, respectively if and only if the family A@T =
{H; @ K;, \; Tj,v;w;}i5 1 a g—fusion frame for H @ K with respect {W; @ V;}; ;.

Proof. Suppose that A and T" are g—fusion frame for H and K. Then there exist positive
constants (A, B) and (C, D) such that

Alle|® < 1Y vi (AiPre, AiPrr,x) all < Bllz|®, Ve € H,
el

Cllyll® < 11> w? (T Pr,y, T Pr,y)sll < Dyl*, vy € K,
jeJ
then,
AC||Pllyl® < Y- vi (AP, A Pr,a) allll Y wi (T Pr,y, Ty Pre,w)sl| < BDlz ) [ly 1%,
il jeJ
hence,
AC|z @ y|* < |1 vi (AiPu,a, APrx) a4 ® Y wi(T; Pr,y, T P, y)s|| < BDlle @y,
i€l JjeJ
S0,
2 2, 2 2
AC||lz @ yl* < | Y vfw? (A Pu,e @ Ty Py, AP,z @ T Pre,y)|| < BD|lz @ y|*.
4,J
Therefore, for each z®@y € H® K

AC|z @ yl* < || ) viwi{(Ai @ T)) Prax, (z @ y), (A @ T)) Prox, (r ©y))|| < BD|z @y,

.7
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we conclude that, A ® I' is a g—fusion frame for H @ K. Conversely, suppose that A ® T is
a g—fusion frame for H ® K, then there exist constants A, B > 0 such that for all x ® y €
He K-{0®0},

Allz@yl® < ) viwi{(A ©T5) Prex, (€ @ y), (A ® T;) Pu,gk, (z @ y))|| < Bllz @y,
i

then,

Az @yl* < || Y v} (AiPr,a, AiPra)a® Y wi(T;Pr,y, TP, y)sl < Bla @yl
i€l jeJ

hence,

Allz|Plyl® < 1) of (Ai P, MiPra) alll Y w3 (g Preyy Ui Pr,y) sl < Bl llyll?,

el JjeJ
So,
A||yH2 2 2
) <1l ) vi{AiPu,x, Ai P, x)
HZjer32‘<FjPij7FjPij>3H ;
and
Blly|l?

1>~ w7 (AiPr,, Ay Prr) al| <
icl

1.

|| ZjeJ w]2<FJPK]y7 FJPK]y>B||

Therefore, A is a g—fusion frame for H. Similarly, it can be schown that I' is a g—fusion frame

for K. O

Definition 3.4. Let AQT' = {H,; ® K;,A; ®T';,v;w, }; ; be a g—fusion frame for H ® K. The
synthesis operator Tar : I*({W; ® V;}) = H ® K is given by

Tar({zi ®@y;}) = sz’ijHi@Kj (Ai@T))* (= @y;), Y@y} elP{WioV;}).
4,J
And the frame operator Sagr : H ® K — H ® K is described by
Saer(@®@y) = (viw;)*Pa,ak, (A @ T;)* (A ©T)) Pu,ok, (x®y), Veoyec H K.
4,J

Theorem 3.5. If S\, Sr and Spygr are the associated g—fusion frame operators and Tx, Tr
and Tagr are the synthesis operators of g—fusion frames A,T' and AQT for H, K and HQ K,
respectively, then Sagr = SA® ST, SXéF = SXl ®S§l, and , Tagr = TA®Tr, Txgr = TR QT
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Proof. Let each z ® y € H® K, we have

Sper(z @y) =Y 07w} Pex, (A @T;)" (A @) Pa,ax, (z @ y)

2%
= Z viw? (Pu,ek,) (A @ T) (A @ T;) (P, ® Pg,)(z ®y)
2%
,J
icl jeJ
= SAz ® Sty

= (SA®Sr)(z @y).

Then, Sagr = Sa ® Sr, 50 Syar = Sy @S¢t
On the other hand, for each {z; ® y;} € I?({W; ® V;}), we have

Thor({z: @ y;}) = > viw; Prex, (M @ T;)" (2 @ y;)

.7
i€l =
= Ta{zi}) @ Tr({y;})
= (Ta ® Tr)({zi @ y;})-
this shows that Tagr = Ta ® T, hence Txor = Tx @ 1. O

Theorem 3.6. Let A = {H;,A;,v;}icr and T = {K;,T'j,w;}jes be g—fusion frames for H and
K with g—fusion frame operators Sn and Sr, respectively. Then 6§ = {SXéF(Hi ® K;), (A ®

I‘j)PH@KjSXéF,viwj}m is a g—fusion frame for H ® K.
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Proof. Let (A, B) and (C, D) be the g—fusion frame bounds of A and T, respectively. Now, we
have for each z @y € H® K,

[ Z’U ((Ai ® 1) Pr,or, Sygr P Sydn(H ek (@ ®Y), (A ®FJ)PHi(X)KjSXéFPSXéF(Hi@)Kj)(x®y)>”
—||Z’U A@F PH®KS ®S Pslei®PS;1Kj(l'®y)7

A ® FjPHi®KjSX1 ® Sljlpsngi ® PsglKj (zy)l
= | ZU?U}?(Az ®LPy, PK]‘SX1PS;1H,£ ® SITIPS#KJ. (z®@y),
.3
Ai® TPy, ® P, Sy Pg-1py, © Sp ' Pgo1e (z @)
= ||Z%‘2w]2'<AiPHiSX1 1y, @ U P, Sp P K, y, Ni Pp, SA Sl H, r® TPk, Sp Psr_lij)H
,J
= vawf(AiPHiSfx ® TPk, Si 'y, AiPu, Sy 'e @ T P, St y) |
2%}

—||Zv 2(Ai Py, Sy e, APy, Sy ') 4 ® (U P, Sp 'y, T P, Sp )|

= Z v (AP, Sy, Ay Prr Sy @) alll Y wi (T Pre, Sp T P, Sp ' y)s|
el ieJ

< B||Sy "«l*D||Sg yll?
BD

= oy

[EX=35

On the other hand for each x @ y € H ® K,

lz @ yl* = [, z)all* Iy, )5l

= O v Pu, A A Pa, Sy M, 3) 4l PO wi Pk, T5T, Pre, Sy, ) s
iel ieJ

= > v (AP, Sy, A Pr,a) al Pl Y wi (T3P, S ™y, T P,y s )
il jeJ
<D vP (AP Sy, AP S ) allll > o7 (M Pa, e, Ai P, ) A
el el
1> w2 (TP, Sy, Ty P, S )l Y w? (D5 P, y, T P, ) sl
JjeJ jeJ
< BD|z[*[lyl? Zﬁ(AiPHiSXlPsA—lHix, APy, Sy Py gy, ) Al
el
I ij2‘<FJ'PKjSI:1Ps;1ij’ FJPstflPsglij>B||
jeJ

= BDl|z @ y2 S (00 2(A ©T)) Prerc, Sy Pt o) (@ @)l
,J
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hence,
sl @yl < ) S0 i) (A © T5) Prror, S Pt o) @ © 9l
0,J
Therefore, 6 is a g—fusion frame for H ® K. O

Proposition 3.7. For the g—fusion frame 6, frame operator is SXéF.
Proof. We put G = (A; ® T';) Py, k, Syor, then
GG = (A ®T))Prox, Sygr) (M @ L)) Prok, Sxgr
= (Sx" ® S0 ) (P, ® Pi,)(A] @ T5)(As @ 1) (Py, @ Prc,)(Sy" ® Spt)
= Sy ' Py, A APy, Sy ® Sp P T Py, Sp
hence,

Pt o) G GPs 1 ek
:(Pﬁ?Hi®}E;UQ)G*G(R$?Hi®}%;Hg)

= Py, S) P, A APy, Sy Py, ® Pgoipe S Pry T Prc, S P e
= (Py, Sy )" AN Py, Syt ® (P, S5 ') TiT, Py, S5t

= Sy Py, AjA Py, Sy @ Sp P, T5T P Sp

So, for each x ® y € H ® K, we have

2, 2 *
DUt P nen) G G P ek, (@ )
z)-]

= viw? (Sy Pu,A; APy, Sy @ Sp P T5T P S ) (z @ )
]

— (ZUESXIPHiAfAiPHiS;%) ® (Zw]?s;lijr;rijjs;ly)
iel jeJ

= Sx'Sa(Sy ') @ Syt Sr(Spy)

= Sgla: ® Sl?ly

= (83 ®Sp )z @y)

= Spar(®@y),
we conclude that the corresponding g—fusion frame for 6 is SXéF' O
Theorem 3.8. Let A = {H;, Ay, v;}ier, A = {H,, A;,v; Yic1 be g—fusion Bessel sequences with

bounds B, D, respectively in H and I' = {K;,T;,w;}jes, I = {K},F;,w;}jej be g—fusion
Bessel sequence with bounds E, F, respectively in K. Suppose (Tx,Ty) and (T, Ty ) are their
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synthesis operators such that T\/TX = Iy and TpTlf, =Ig. Then AQT = {H; @ K;, \; ®
Tj,vw;}ij and A @ T = {H; ® K]/-,A; ® F;,U;w;}i,j are g—fusion frames for H @ K.

Proof. By theorem 3.3, A®T" and A @I are g—fusion Bessel sequences, respectively in H @ K.
Now, for each x @ y € H ® K,

lz @ yll* = [I{z, z)all* Iy, 9)5]1*
= TRz, Ty 2) all* |7y, T y) s
< NTR2PIT = 1I Tl 1Tyl

< DF||z[P[lyll*[ Y 07 (Ai P, Ai P, all| Y w3 (U5 Prc,y, T P, ) |
i€l jeJ

= DF|lz @ y|*|| Y viw} (AiPa,a, AiPa,x) 4 © (T Pr,y, T Prc,y) s
i

= DF|lz @ y|?|| Y vfwi (A © 1)) Prox;, (r ©y), (A © T)) Prox, (x © y))

.3

then,

1
Hrllz@ul® <1 viwi (A @ T)Prs, (z ©y), (A @ T)) Prsx, (@ y))].
irj

Therefore, A @ T" is a g—fusion frame for H ® K. Similarly, it can be shown that A ®T is also
a g—fusion frame for H ® K. O

4. Frame operator for a pair of g—fusion Bessel sequences in tensor product of

Hilbert C*—modules

Definition 4.1. Let A®T = {H;®K;, \;®@Tj, v;w;}i j and A = {H; 9 K;, A;@T;, vjw, }; ;
be two g—fusion Bessel sequences in H ® K. Then the operator S : H ® K — H ® K defined
by forallz @y € HR® K,

Sr@y) =Y viwjvw,;Prer, (A @ T;)* (A @ r;)PH;M; (z®7y)
iy

is called the frame operator for the pair of g—fusion Bessel sequences A @ I and Aol

Theorem 4.2. Let S, and Spp be the frame operators for the pair of g—fusion Bessel

sequences (A = {Hi,Ai,vi}iEI,A/ = {H;,A;,U,;}jEL]) and (I‘ ={K;,T;,w;}jes,

' = {KJ/.,F;-, ’UJ;}jeJ) in H and K, respectively. Then S =Sy, ® Sy
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Proof. We have S is the associated frame operator for the pair of g—fusion Bessel sequences

A®1"andA/®F/,forallx@yeH@K,

S(z®uy) Zvlev w, PH1®KJ. (A ® I‘j)*(A; ® F;)PHl(@K; (x®y)

= szwg §(Pr, © Pr) (A @ T5)(A; @ 1)) (P ® Py )z @)

- (Zviv;PHiA;‘A;PHQx> <Zw]w Py, T30 P y)

iel jeJ

= SAn T ® Sppry

= (Spa @ Spr)(z @ y)

Theorem 4.3. The frame operator for the pair of g—fusion Bessel sequences in H @ K is

bounded.

Proof. Let r@y€e H® K and r1 ® y1 € H® K,

(S(x®y),r1 @y1)

Zvlev w; PH1®K]~ (A ® I‘j)*(A; ® F;‘)PH;@@K; (z®y), 1 ®y1)
= Zvlev w (P, AfA Py 'z ® P, D50 Py, 21 @ yy)
J
—szwj (P ATA P, g ,1)a ® (P, DT Pps Y1)

= Z vivi(PHiAZ‘A;PH;x, Z1)A ® Z w;w PK7I‘J FJPK Yy Y1) B,
el icJ
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then,

1{S(z @ y), 21 @ )|

= 1Y v (P, AT A Py, 1) 4 © ) wjewy (P, T3T Pery, ) s

el ieJ
= 113 vivi (P, AT A Py, o) all | D wjwy (P, T3 Prery, ) s
1=y edJ

<1 () (A Py 12, A Pyr) YallZ 1> v (A Pr,w, Ai P, x) a2

icl el
x ||Z 2T, PK y,FJPK y)Bl|? sz (T Px,y1,T; P, y1)5)?
jeJ JjeJ
= 1Y (0)* (AP, APy ) all 211 ) (w) (T3 Py Ty Py 2
el jeJ
< | > v A Py, AP all 2 > w (T Pre i, Ty Prc ) s 12
iel jeJ
’ ’ 1
= | Z (A OT) Pyt (2@ ), (A @ T) Py per (x © ) | 2

x ||Zv (A &) Prer, (21 @ 1), (A ® T) Prox, (11 @ 31))|2

< VB1Bellz @yl @ [lz1 @ yal.

Let Sy, and Sy be the frame operators for the pair of g—fusion Bessel sequences (A, A/) and

(T, Fl), respectively. Then by above calculation

[(S(z @ y), 21 @ yn)|| = [[((Spnr @ Sprr) (@ @ y), 21 @ y1)|

= ||<SAA/$>$1>A ® <Srr/yayl>6||

< VBi1Ballz[llylllz1 vl

S0,
sup [[(Sprry,yn)sll sup [[{Sypra, z1)all < v BiBa|lzl[|yll
[lyill=1 [lz1]]=1
hence,
[San 2l Srryll <V BiBa|z|||y]|
do,
[San 2|l [|Spr yll < \/ﬁ,
||| [yl
again taking supremum on both side with respect to ||z|| =1 and ||y|| = 1,

HSH = ||SAA’ ® Srr/” = ”SAA'”HSFF’H < \/ﬁ
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