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Abstract

Let G be a graph with vertex set V(G) and edge set E(G). An r-dynamic vertex
coloring of a graph G is a assigning colors to the vertices of G such that for every vertex
v receives at least min{r, d(v)} colors in its neighbors. The minimum color used in 7-
dynamic vertex coloring of graph G is called the »-dynamic chromatic number denoted
as x,(G). In this research we well determine the coloring pattern and the r-dynamic
chromatic number of the comb graph P, ©® K, central graph of comb graph C(B, © K;),
middle graph of comb graph M (P, © K;), line graph of comb graph L(P, © K;), sub-
division graf of comb graph S(B, © K;), and para-line graph of comb graph P(B, © K;).

Keywords: r-Dynamic coloring, chromatic number, comb graph, central
graph, middle graph, line graph, sub-division graph, para-line
graph.

1. INTRODUCTION AND PRELIMINARIES

Graph theory is a part of discrete mathematics that is used to express model pairwise
relations between objects. Graph theory was first introduced in 1736 by a Swiss mathematician
named Leonhard Euler. In his writing, Euler provided an illustration of the Konigsberg bridge with
its four landmasses as points and its seven bridges as sides with research results that it was

impossible to cross each of the seven bridges once and return to their original place.
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Nowadays, graph theory is starting to experience a lot of development. One of the popular
topics in graph theory to study is graph coloring. Graph coloring is divided into three types,
including vertex coloring, edge coloring, and region coloring. Furthermore, in graph coloring there
is also a concept of r-dynamic coloring. Fierera and Sugeng [3] define r-dynamic coloring, for
example, if 7 is a positive integer, r-dynamic coloring with k-colors on a graph G is the exact
coloring of points with k-colors on the graph G such that for every vertex v receives at least
min{r, d(v)} colors in its neighbors. The minimum k for graph G in r-dynamic coloring with k-

color is called the r-dynamic chromatic number of graph G, denoted as y,-(G).

Let G be a simple and finite graph with vertex V(G) and edge set E(G). Comb graph is a
graph obtained from corona operations from the path graph P, with the complete graph K;. The
comb graph is denoted by P, ® K;. The central graph [16] C(G) of a graph G is obtained from G
by adding an extra vertex on each edge of G, and then joining each pair of vertices of the original
graph which were previously non-adjacent. The middle graph [11] of G denoted by M(G), is
defined as follows, the vertex set of M(G) is V(G) U E(G). Two vertices x, y of M(G) are adjacent
in M(G) in case one of the following holds: (i) u, v are in E(G) and u, v are adjacent in G. (ii) v €
V(G), u € E(G)and u, v are incident in G. The line graph [6] of G, denoted by L(G), is the graph
whose vertex set is the edge set of G. Two vertices of L(G) are adjacent whenever the corresponding
edges of G are adjacent. The sub-division graph S(G) [8] is obtained simply by inserting a new
vertex for each edge of G. Para-line graph P(G) [8] is the line graph of a sub-division graph.

Definition 1.1 [8]. An r-dynamic coloring of a graph is a map ¢ from V' (G) to the set of colors such
that:

(i) ifuv € (E(G)), then c(u) # c(v), and

(i) Vv € V(G), |C(N(v))| > min{r,d(v)}.

Where r is a positive integer, N (v) denotes the set of all vertices adjacent to v and d (v) its

degree.
2. MAIN RESULTS

Proposition and theorems used to find out the r-chromatic number from the 7-dynamic coloring
of'a comb graph and some operations such as central graph, middle graph, line graph, sub-division
graph, and para-line graph of the comb graph B, © K. The proposition and each theorems contain

coloring labels which aim to find the minimum color used in 7-dynamic vertex coloring of graph.

Proposition 2.1 Let n > 4, then the »-dynamic chromatic number of the comb graph P, © K; is:
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2, forr=1
xr(B, O Ky) =1 3, forr=2
4, forr=3

Proof

Let the vertex set and edge set of the comb graph P, (O K; are as follows:
V(B, © Ky) = {v,vy, ..., Uy, Ug, Uy, ..., Uy } and

E(P,OK)=EP)VU{vuy:i=123..nk.

Where E (P,) is the edge set of a path graph.

vy v V3 Vy Vg VUn-1 Un

Uy Uz Us Uy Ug Up-1 Up

Figure 2.1 Comb Graph P, © K;
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The maximum degree of B, © K; are A(P, © K;) = 3 shown by v,, v3, ..., V,,_; and the minimum

degree of B, © K; are 8(B, © K;) = 1 shown by uq, u,, ..., u,.
Define the mapping ¢ : V — Z™. Proof is carried out through three cases.

Case 1: For r = 1, we use the following colorings as is:

1, foriodd
2, forieven

2,foriodd
1,forieven

c(vy) = { and c(y;) = {

Thus we require 2 colors, that is x,-(B, © K;) = 2 forr = 1.

Case 2: For r = 2, we use the following colorings as is:

c(v3n-2) =1 c(ugn-2) =3
c(v) ={c(vsp-1) = 2and c(u;) = {c(uzn_1) =1
c(vzn) =3 c(uz,) =1

Thus we require 3 colors, that is x,-(B, © K;) = 3 forr = 2.

Case 3: For r = 3, we use the following colorings as is:

c(v3p—z) =2
c(vy) ={c(vsp-1) =3 and c(u;) = {1}
c(vsp) =4
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Thus we require 4 colors, that is x,-(B, © K;) = 4 forr = 3.

Theorem 2.1. Let n > 3, then the r-dynamic chromatic number of the central graph of comb graph

C(P, ©Ky)is:

n, forr=2
Xr(C(P, © K1) =1 2n, for2<r<A-1
2n+ 3, forr=A

Proof
Let the vertex set and edge set of the central graph of the comb graph C(B, © K;) are as follows:
V(CP, OK))={mu,u;:1<i<n}uf{v'pl<i<n-—1}and
E(C(P,OKy) ={vv';,v'iviy, |i=12n—-1}U
v, u' i | i =12,...,n}u{vuy | i #jIu

{wuj [i=12,...,n =1} U {vyv; | vv; € E(B, O K1)}

Figure 2.2 Central Graph of Comb Graph C (P, © K;)

The maximum degree of C(B,OK;) are AR, OK;))=3 shown by
V1, Vg, «, Up, Uq, Uy, ..., Uy and the minimum degree of C (B, © K;) are §(C(P, © K;)) = 1 shown

! ! li ! A !
by v',v'y, ...,V o, U, U5, U,

Define the mapping ¢ : V — Z™*. Proof'is carried out through three cases.
Case 1: For r = 1, we use the following colorings as is:
cv) =clu) =i,1<i<n,

(,)_{4, fori+34 1<i<n-1 d

Wi=12, fori=34 1<i<n-1"
iy _ (3, fori#3, 1<i<n

C(”i)‘{z}, fori=3 1<i<n’
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Case 2: For 2 < r < A — 1, we use the following colorings as is:
cv)=i1<i<n,
c@)=cw)=i+n1<i<n, and

n fori=11<i<n-1
i—1, for2<i<n-1

(W) = {
Case 3: For r = A, we use the following colorings as is:

c(v)=i1<i<n,

2n+ 2, foriodd
2n+3, forieven’

e ={
c(u))=i+nl1<i<n,and
cu'p)=2n+1,1<i<n.

Theorem 2.2 Let n > 4, then the r-dynamic chromatic number of the middle graph of comb graph
M(P, © Ky) is:

4, for1<r<3

Xr(M(PnOKl))Z{r+1, for4d<r<A

Proof

Let the vertex set and edge set of the middle graph of the comb graph M (P, ® K;) are as follows:

V(M(Pn @Kl)) ={v,u,u;:1<i<njuf{r;:1<i<n-1}

E(M(P, OK))={vv'i|i=12,..,n—1}U
vivigli=12,..,n—-1} u{vu';|i=12,..,n}
fu'u; i =12,..,n3u{v v, i=12,..,n—1}
fvauili=12,..n—-13u{viu i, li=12,...,n—1}

vy Uz Vs Uy Us VUn—1 Un

U U, U U, Ug

Figure 2.3 Midlle Graph of Comb Graph M (P, © K;)
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The maximum degree of M (P, © K;) are A(M(P, © K;)) = 6 shownbyv',, v, ..., V', and the
minimum degree of M(P, © K;) are S(M (P, © K;)) = 1 shown by uy, uy, ..., uy.

Define the mapping ¢ : V — Z™. Proof is carried out through two cases.

Case 1: For 1 < r < 3, we use the following colorings as is:

_(3,foriodd _
c(v) = {4,]”07‘ i even’ c(u) =1,
iy _ (2, foriodd ,y_ (4 foriodd
c@'y) = {1,for i even’ c(y) = {3, forieven

Case 2: For4 <r < A;

Subcase (1): for r = 4 we use the following colorings as is:

c(vsn-2) =1

r+1,foriodd
c(vzn) =3
c(V'3n_2) =3 i
, , , T, oriodd
W =W =1, cw={, foriotd

C(v,3n) =2

Subcase (2): for r = 5 we use the following colorings as is:

2,foriodd
c(vy) = {S,for i even’
/(1 foriodd
c@'y) = {4, forieven’

Subcase (3): for r = A = 6 we use the following colorings as is:

c(Vsp-4) =4
c(Wsn-3) =1
c(v) =1 ¢c(Wsp-2) =5,
c(Vsp—1) = 2
c(vsp) =3

c(u) = {

Theorem 2.3 Let n > 4, then the »-dynamic chromatic number of the line graph of comb graph

L(B, O K;y)is:

r+1,foriodd
T, forieven’

cuy) = {

_(r+1, foriodd

c(u) = {r, for i even’

iy (T foriodd
() = {r + 1, forieven

c(V'sp_4) =2
c(v'sp-3) =3
c(v') =14 c(W'sn-2) =4,
c(W'sp-1) =1
c(W'sp) =5
T, foriodd
r+1, forieven
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3, forl1<r<2
XT(L(Pn ©) K1)) =14, forr =2
5, forr =4

Proof
Let the vertex set and edge set of the line graph of the comb graph L(P, © K;) are as follows:

V(L(P, © Ky)) = {wy, Wy, w3, o, W, W', W'y, W's, ...,w'_1} dan
E(LB,OK)) =W wip1li=12,..,n=22u{w w;|i=12,..,n—1}U

wiwili=12,..,n—1}

Figure 2.4 Line Graph of Comb Graph L(P, © K;)

The maximum degree of L(P, © K;) are A(L(P, © K;)) = 4 shown by w,, ws, ..., w,_,. and the
minimum degree of L(P, © K;) are 8(L(P, © K;)) = 1 shown by wy, and w;,.

Define the mapping ¢ : V — Z™. Proof'is carried out through three cases.
Case 1: For 1 < r < 2, we use the following colorings as is:

cw) =1, c(W'y_1) = 2,and c(w'y;) = 3.

Case 2: For r = 3, we use the following colorings as is:

1, foriodd
3,forieven

2,foriodd
4, forieven

c(wp) = { and c(w')) = {

Case 3: For r = A, we use the following colorings as is:

. c(W3p_p) =2
_(1,foriodd Py _
cOw) = {3 For § epene 1OV = zxgngl) =
3n -

Theorem 2.4 Let n = 3, then the r-dynamic chromatic number of the subdivision graph of comb

graph S(B, © K;) is:
X(SP,OK))=r+1,1<r<3

Proof
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Let the vertex set and edge set of the subdivision graph of the comb graph S(B, © K;) are as
follows:
V(S(Pn OK))={vyu;:1<i<nju{v;:1<i<n-1}and

E(S(P, O Ky) = {wiv',v'ivyy; 1 <i<n— 13U {vu',u'iu;; 1<i<n}.

vy Vs V3 Uy Vs
N o Py P, PN
vy v’y v'5 v,
u'y u's u's u'y u's
Uy Uy Uz Uy Us

Figure 2.5 Subdivision Graph of Comb Graph S(B, O K;)

The maximum degree of S(B, © K;) are A(S(P, © K;)) = 3 shown by vy, V3, ..., V,_1. and the
minimum degree of S(P, © K;) are §(S(B, © K;)) = 1 shown by uq, u,, ..., U,.

Define the mapping ¢ : V — Z™. Proof is carried out through three cases.
Case 1: For r = 1, we use the following colorings as is:
cv)=1c)=2,c(w) =1,and c(u';) = 2.

Case 2: For r = 2, we use the following colorings as is:

1, foriodd
2, forieven’

2,foriodd
1, forieven

c(vy) = { c(@';) =3,c(u;) =3,and c(u';) = {

Case 3: For r = 3, we use the following colorings as is:

1, foriodd
2, forieven’

3,foriodd
4, forieven

e = | e ={

2,foriodd

c(u;) = 4, and cluy) = { 1, for i even

Theorem 2.5 Let n > 3, then the »-dynamic chromatic number of the para-line graph of comb

graph P(P, © K;) is:

3, 1<r<?2
X (PR, O KD) =1 ;Z:r Z

Proof

Let the vertex set and edge set of the para-line graph of the comb graph P (B, © K;) are as follows:
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V(P(R,OK))={w;;1<i<2n}u{w’;;1<i<2n-2}and
E(P(P, OKy)) ={wwiyy;1<i<2nju{w’w;|i =135,..,2n—3}U
WitiWiz; 1<i<2n-3}u{w'iw';;1;1<i<2n-2}

’ r r ’

Wy W5 w3 W
Wy W3 Wsg
W2 Wa Wg

Figure 2.5 Subdivision Graph of Comb Graph S(P, © K;)

The maximum degree of P(P, ® K;) are A(P(B, © K;)) = 3 shown by w',,w's, ...,w’,,_; and
w3, W's, ..., W'y, _3, and the minimum degree of P(P, © K;) are 8§(P(B, ® K;)) = 1 shown by

Wy, Wy, ..., Wap.
Define the mapping ¢ : V — Z™. Proof'is carried out through two cases.

Case 1: For 1 < r < 2, we use the following colorings as is:

2,foriodd
1, forieven

1,foriodd
3,forieven

clwy) = { and c(w';) = {

Case 2: For r = A, we use the following colorings as is:

c(wyi—1) =4

cW'3i) =1
c(Wgi—6) = 2 (W 31-2)

c(wy) = Tl _jandcw) =4 c(w'zimg) = 2.
ey =3 ) =3
3. CONCLUSION

In this paper we have shown that comb graphs P, © K; and some of their operations such as central
graph, middle graph, line graph, subdivision graph, and para-line of the comb graph P, © K; are
r-dynamic graphs. The r-dynamic chromatic numbers of each graph are:

P, © Ky:

2, forr=1

X (B, © Ky) =1 3, forr=2
4, forr=3

C(B, O Ky):
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n, forr=2
X-(C(P, O Ky)) =4 2n, for2<r<A-1
2n+3, fO’r"r:A
M(P, © K;):
4, for1<r<3
xr(M(PnOKl))={r+1' fordzreA
L(P, © Ky):
3, forl1<r<2
Xr(L(P,OKy)) =44 forr=2
5, forr =4
S(P, © Ky):
%(S(B OK))=r+1,1<r<3
P(P, O Ky):
3, 1<r<2
cemor) {3 [l
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