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Some Convergence Theorems for Henstock-Kurzweil
Integrable Functions with Values in Riesz Spaces
Defined on Euclidean Spaces ‘R’

Muslim Ansori*

Abstract

Some convergence Theorems for Henstock Integrable functions from Euclidean space R"
into Riesz spaces are constructed by using decreasing net of double sequences. We give more
general results than those of the convergence Theorems for Henstock Integrable functions
with values in sequence spaces.
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1. Introduction

The Henstock-Kurzweil integral for Riesz-space-valued functions defined on bounded
subintervals of the real line and with respect to operator-valued measures was investigated in [9]
and[10], with respect to (D)- convergence (that is a kind of convergence in which the & -
technique is replaced by a technique involving double sequences , see [11] and [12], with respect
to the order convergence, see [5] and in [6] with respect to the order convergence but the
Henstock-Kurzweil integral for Riesz-space-valued functions was defined on unbounded
subintervals of the real line.

The Henstock-Kurzweil integral for real-valued functions defined on Euclidean space
R" with respect to volume a was investigated in [15] and [7] and The Henstock-Kurzweil
integral for bounded-sequence-space-valued functions defined on Euclidean space R" with
respect to volume « was investigated in [1], [2] and [13]. The last work was conducted by
constructing The Henstock-Kurzweil integral for Riesz-space-valued functions defined on
Euclidean space R" with respect to volume « , by using decreasing nets, see [3].

The main goal of this paper is to build the convergence theorems for the Henstock-
Kurzweil integral for Riesz-space-valued functions defined on Euclidean space R" with respect
to volume «, by generalizing the results in the Henstock-Kurzweil integral for bounded-

sequence-space-valued functions defined on Euclidean space R" with respect to volume « .

2. Preliminary

Let 0 be the set of all strictly positive integers, R the set of the real numbers, R* be
the set of all strictly positive real numbers. Moreover, we refer to [16] about the notions of cell,
segmentation, partition, « -volume, and ¢ - fine Perron partition.
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Definition 1 [14].
A Riesz space L is said to be Dedekind complete if every nonempty subset of L, bounded
from above, has supremum in L.

Definisi 2 [11].
A bonded double sequence (a,.yj)i € L is called regulator or (D)-sequence if, for each

iel,a 40, thatis a;>a

i, j+1

Vjel and Ad =0.

Definition 3 [6].
Given a sequence (r,) L. Sequence (r,) is said to be (D)-convergence to an element

n n

relL if there exist a regulator (ai,j)ij, satisfying the following condition: for every
mapping p:0 —[0O, denoted by pel” , there exists an integer n, such that

Ir,—r|<va , forall n>n . Inthis case, the notation is denoted by (D)lim,r, =r.
n iz i,p(i) 0 n-'n

Definition 4 [6].
A Riesz Space L is said to be weakly o -distributive if for every (D) - sequence (ai'j ) then

A (ia <)=0.
pen® \ i=1 (i)

Throughout the paper, we shall always assume that L is Dedekind complete weakly
o —distributive Riesz space.

In the principle, this integral is a generalization of Henstock-Kurzweil integral for
Riesz-valued functions defined on subintervals of the real line by changing the length of

[a,b]= R with the general volume a of a cell AcR", see [15] and [1]. Remember that the
volume a oncell AcR" is an additive and non negative function from 3(A) into %, where

3(A) is acollection of all subcells in A.
Here are some recent results of the Henstock-Kurzweil integral for Riesz-space-valued
functions defined on Euclidean space R" with respect to volume « .

Definition 5 [3].
Let « be avolume on R" and AcR" be acell. A function f:R" — L issaid to be
Henstock-Kurzweil integrable on A with respect to «, denoted by f HK(A L «), if

there exists an element ZeL and (D)-sequence (a,;) ;€L such that for every pel1®

we can find a function 6: E — R* such that
Py f_(i)a(l)—:H:H; F(%)e(l,)-2

for every & -fine Perron partition P={(I,7)}:{(Il,il),(lz,YZ),...,(Ir,Yr)} on A.

< i\!laiyp(i)

We note that the Henstock-Kurzweil integral with respect to « is well- defined, that is
there exists at most one element =, satisfying Definition 5 and in this case we have

(HK)J' fda == . The uniqueness is given in the following theorem.
A
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Theorem 1 [3].
Let a beavolumeon R" and AcR" beacell. If function f e HK(A,L,a) , thenits «
-integral is unique.

Theorem 2 [3].

If f,f,eHK(ALa) and k,k,e®R, then kf +kf,eHK(ALa) and
(HK) [(i T, +k, T, Jdar =k (HK) [ fdar +k, (HK) [ f,de .
A A

)>

Theorem 3 [3].
If f,geHK(ALa)and f(X)<g(x) forevery X € A, then (HK) j HK)jgd
A

A

Definition 6 (Elementary Set).
Aset AcR" which is union of finite cells is called an elementary set.
Every elementary set can be segmented into non-overlapping cells. If A and A, are

elementary sets then A UA, and A \A, arealso elementary sets. Integration on elementary
set can be constructed through the following theorem.

Teorema 4 [3].

Let « beavolumeon R" and A and A, be non-overlapping cells in R" and A=A UA,.

If feHK(A,La)and feHK(A,, La), then f eHK(A L,a) and

(HK) [ fda=(HK)[ fda+(HK)[ fda
A=AUA, A Ao
By implementing Theorem 4 and Definition 5 above, we can see immediately that the

following holds.
Corrolary 1 [3].

Given an elementary set Ac R" and « volume on A. A function f:A— L is said to be

Henstock-Kurzweil integrable on A with respect to «, denoted by f e HK(A L «), if

— p
f e HK(A,L,a) forevery i, where A=UA and {A,A,,..,A,} is any division on A. The
i=1

Henstock-Kurzweil integral of function f on A is

(HK)I f_dazzp:j fda

A

Theorem 5 [3].
A function f:A— L is Henstock-Kurzweil integrable if and only if there exists a (D)-

sequence (aivj)ij in L such that, for every pe"” we can find a function 6: A— %" and

for every & —fine Perron partition P, ={(1,X)}and P, ={(1,X)} on A, we have

‘Plz f(?)a(l)— PZZ f_(Y)a(I )‘ < gai,p(i)
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Theorem 6 [3].

Let @ beavolumeonacell AcR". If feHK(AL,a),then f eHK(B,L,a), for every
cell BCA.

Based on Theorem 6, we define primitif function of Henstock-Kurzweil integrable
function f on acell AcR" with respect to a volume « as follows.

Definition 7 [3].
If feHK(ALa) and J(A) is a collection of all subcells in A, then a function
F:3(A)—> L satisfying
F(1)=(HK)[ fde and F(g)=0
|

for every cell | € 3(A) is called « - Primitif of Henstock-Kurzweil integrable function f on
I(A).

3. Main Results and Discussion

Convergence of a sequence of functions is always associated with its limit and
function property in the sequence. Let {f (“)} be a sequence function defined on | < R". Then

this sequence is said to be convergent to a function f on I if lim f®(x)= f(X) for every
nN—oo

X € | . A sequence of functions {f(“)} is called increasingly monoton or decreasingly monoton
if fO(x)< (%) or f™(X)> f™(X) for every X |, respectively. Let f™:1 —L
for every ne N . Then a sequence function {f(“)} is convergent to a function fatxel if
and only if there exists (D)-sequence (a;; )i,j eL such that forevery pell” ,

|7 (®%)- T (x)|<va,,

izt I

for every n > n,. A sequence function {f(”)} is convergent to a function f on | if and only if
sequence {f "(X)} is convergent to a function (X) for every X e . A sequence function

{f(“)} is uniformly convergent to a function f on | if and only if if there exists (D)-
sequence (b, ) ;€L such that for every p e[ "

(]

Hf )- (X )H<vb

2 he(i)

forevery nzn,, Xxel .

Now, we give some convergence theorems for Henstock Integrable functions with
values in L.

Theorem 7.
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(Uniformly Convergence Theorem). Let | < R" be a cell and {f(”)} c HK(ALa) . If

sequence of functions {f(“)} is convergent uniformly to a function fon I, then f e
HK (AL, &) and

(H)[ fda = lim (H)[ f "de
| |

Proof:

A sequence function {f(“)} is uniformly convergent to a function f on | ifand only if if
there exists (D) -sequence (ai’j)i (€ L such that for every pell” |

—_ ©

|7 (%)= T (%) <27 va (1)

4a(l) im1 i,p(i)

forevery n=n,,Xel.
A function " e HK (A, L,)if there exists (D)-sequence (b ) € L such that for every

1,] i,

pel” wecanfind afunction §:E — R* such that
V103 ) (1)~ [ Fda
é (k) (r) I,

for every ¢ -fine Perron partition P:{(I,Y)}:{(Il,il),(lz,iz) ..... (Ir,Yr)} on A. And if
P, ={X1),P, ={(X,1)} are &,- fine Perron partition on 1 , then

RY 1 (R)er(1)-R Y 1" (R)ar(D)] <16, - @

Based on (1) and (3), we have

PY f(R)a()-PYf (R)a(l)<

= ﬁ(')i\=/1bivp(i) (2)

Y F(Q)a(l)-RE " (X)a(l)]+

Ry f(X)a(l)-PY f"(X)a(l)| (4)

where d This shows that feHK(ALa). Furthermore, since

Lo=a . +C .
i.o(i) i.0(i) i.o(i)
f e HK(A,L @), then there exists (D)-sequence (b

1]

)i , €L such that for every pell g

we can find a function §':E — R* such that

>0 (% )a(l,) -] f"da

0

< ﬁ(')i\:lbixp(i) (5)




35
Muslim Ansori

for every & -fine Perron partition P'={(1,X)} on A. By taking &(x)= min {5"(x),5, (X)}

forevery X el and if P =((X,1)) is arbitrary & - fine Perron partition on | , then we have
‘(H)I fda—(H)[ f7da|<|(H)[ fda-PY" fa(l)
[PY- Fa(1)-PY T (1) + (6)
HPZ fO(1)-(H)[ f"da

< +

< i\zbiw(i) a(l)_l_;lahﬂ(i) a(|)+ici,p(i)
__4a(l) 4a(|) 4

©

<—ve .
4i=1 el

where e . =a +C
i,pl 1,0

((H)j fda=lm(H)[ f "da.

) Thus, we have proved that

(i) (i)~ e

Theorem 8 (Monoton Convergence Theorem).
Let | = R" be a cell and {f_(“)} — HK (A L,@). If sequence of monoton functions {f(“)} is

convergent to a function f on I and lim (H )j f™de exists, then T e HK(A,L,a) and

n—o

(H)[ fder = Iim(Hl)_[ fVdg

n—o0o

Proof:

We just need to prove for sequence {f(”)} of increasingly monoton on | . Based on

assumption , we can find Z e L so that Iim(H)If_(”)dazE. Since {f_(”)} of increasingly
I

n—oo

monoton on |, it follows that this sequence, {(H)j f_(”)da} is increasingly monoton and
|

a as its least upper bound. Hence, there exists (D) -sequence (ai'j) € L such that for

i
every pell” thereexists n, € N, such that if n > n,, we obtain

©

4

E—(H)Ifmda

Since {f_(”)} is convergent to a function f on 1, then there exists (D)-sequence
(b"j)i,j e such that for every pe” and X € | there exists m, = m, (&, X) such that if

n=m,, we have
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7 ()= )] < g K

Since ™" eHK(A L&) for every n, it follows that then there exists (D)-sequence

(cI J) eL such that for every pell”, there exists a positive function &, : 1 — (0,00)
such that for every &, -fine Perron partition P, = ((X, I)) on |, we have

(1)< “12;:; ©)
Taking positive function & : | —>(O,oo) where  &(X ):5m(g’i)()_() for every Xel and
m(e, X) = max {n,,m, (&, X)} . Hence, if P =((X,1)) is & -fine Perron partition on | , then

PE F(0)a)-2|-[5 P (R)a(1)-2

<

= (10)
3 I\:/lbi,p(i) Zk:a(l )+2§‘\:/1 o) o)
4a(|) i=1 I n=1 2n+2 4
<i\:/1fivp(i)
where, f. _va +vb +vc
Lp isg (i) iz Le(i) s Lp(i) !

This shows that f € HK (A, L,a) and lim (H I a=(H )I fda=a
| I
Furthermore, Let inf {f ™ {= {inf ("} inf (f2 ...} be infimum of sequence {f™}.
Theorem 9.
Let | = R" beacell. If f_(“),qn eHK(A L) and f> g forevery n, then

inf { "} e HK (A L)

Proof:
Let h™(x)=mi { U(x), fD(x)... f(”)(")} be defined for every X e 1. It follows that
h™(x)> g(x) for every X eI . Thus, we have a decreasingly bounded sequence {ﬁ(“)}
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where inf {f ™ }=h(x)> g(X) be its bound for every X € I . Since T € HK(A,L,a) for
every n, then h'" e HK (A L,a) andsince g <h™ < f® forevery n >k, it follows that
(H )I gda <(H )Iﬁ(”)da <(H )I fda (11)

|

|
and lim (H )'[ h™de exists, say a = lim (H )'[ h®™de . Thus,

N—o0

(H )I gda <a < (H )I f®dea forevery k.
| |

And, from Theorem 2, this shows that inf { f_(”)} eHK(AL,a).

Theorem 10. (Fatou Lemma).
Let | cR" beacelland T e HK(A L, ) forevery n.

n—o nxk n—o n>k

if f =liminf {f®}and f = lim inf {(H)jf‘<“>da}<+oo,then f e HK (A L a) and

(H)] fder < lim (H)[ f Vde

| n—oo

Proof:
Let h™(x)=inf {f(k)} be defined for every X | . It follows that {ﬁ(”)} is increasingly

k>n

sequence on | and h™(x)< f™(x) for every X e I . Thus,
lim (H)[ h"de < lim (H)[ f “de (12)
| |

and {h™}is convergent to f. Since lim(H )jﬁ(”)da exists, then under Monaton

N—oo

convergence Theorem, we have f e HK(A,L,«) and

(H)[ fdar = lim (H)[hder <lim inf {(H)_[ f (”)da} (13)

n—oo n—oo N>k

Corrolary 3.5.
Let | = R" be a cell, f_(“),gneHK(A,L,a)and -g< F(”)sg for every n. If
im £ = f then f eHK(ALa)and (H)[ fdor = lim (H)[ f "dar.
| I

N—o0 n—o

4. Concluding Remarks

The convergence theorems for the Henstock-Kurzweil integral for Riesz-space-valued

functions defined on Euclidean space R" with respect to volume «, have been built by
generalizing the results in the Henstock-Kurzweil integral for bounded-sequence-space-valued

functions defined on Euclidean space R" with respect to volume «. Further works are to
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compare the results with McShane integrable functions especially with srong McShane integrable
functions.
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