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Abstract
Let G = (V, E) be a connected graph, where V is the set of vertices and E is the set of edges of G.
The kite graph, denoted by Kite,, ,,,, is a graph obtained by appending a complete graph K, to a
pendant vertex of path B,,. This research investigates the spectrum of anti-adjacency matrix of kite
graph. The anti-adjacency matrix of a graph G of order n is a square matrix with order n where the
entries of the matrix represent the nonadjacency of the vertices.

Keywords: Anti-adjacency matrix, spectrum, characteristic polynomial, complete
graph, path.

1. INTRODUCTION AND PRELIMINARIES

A graph G is defined as an ordered pair G = (V, E), where V represent the set of vertices and E
represents the set of edges that connect pairs of vertices. Specifically, a graph G can be represented
by several types of matrices, including the adjacency matrix, incidence matrix, and anti-adjacency
matrix. The adjacency matrix of graph G, denoted by A(G), is an n X n matrix where n represents
the number of vertices in G and the matrix rows and columns correspond to the vertices of G. The
entry a;; is 1 if there is an edge connecting i and j, and 0 if otherwise. The anti-adjacency matrix of
G, denoted by B(G), can be seen as the opposite of the adjacency matrix with the entry b;; is 1 if
there is no edge connecting i and j, and 0 if otherwise. Formally, B(G) can be expressed as B(G) =
J — A(G), where ] is the matrix with all entries are 1 [3].

The study of various graph matrices offers insights into the structural properties of graphs. One
interesting class of graphs for spectral analysis is the kite graph. The Kite graph, denoted as Kite,, ,,
is a specific type of graph formed by combining a complete graph of order n with a path of order
m. It serves as an interesting structure for analyzing the spectral properties of matrices, particularly
in exploring how adding paths to complete graphs affects their spectral characteristics. The spectral
characteristics that we analyze such as the characteristic polynomial, spectrum, and the determinant.
Let A be an eigenvalue of B(G). The spectrum of graph G is defined as the set of eigenvalues of
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B(G) with their multiplicities. If the distict eigenvalues of B(G) are 14, 4, ..., 1,, with multiplicities
m(1,),m(1,),...,m(4,), the spectrum can be represented as SpecB(G) =
( A Ay Ay

m(d;) mdz) .. mdy)
polynomial of B(G), expressed as p(4) = det(B(G) — AI) = 0 [9].

Previous research on the spectral properties of graph matrices has provided valuable insights
into their structural and mathematical characteristics. Research conducted by Irawan & Sugeng has
explored the properties of the antiadjacency matrix of a graph join, such as its determinant and
characteristic polynomial [7]. Putra analyzed the characteristic polynomial and spectrum of the
antiadjacency matrix for the corona product between the complete graph K,,, and K; as well as hyper-
octahedral graphs H,,, and K; [12]. Yin et al. investigated the spectral characterization of two classes
of unicycle graphs [14]. Other result for antiadjacency matrix mostly for directed graph. Anzana et
al. investigated the characteristic polynomial of the antiadjacency matrix for directed cyclic
friendship graphs [2]. Prayitno et al. explored the properties of the antiadjacency matrix of directed
cyclic sun graphs [11]. Research by Aji et al. has focused on the characteristic polynomial and
eigenvalue of the antiadjacency matrix of directed unicyclic flower vase graphs [1]. Hasyyati et al.
investigated the characteristic polynomial and eigenvalues of the antiadjacency matrix of directed
unicyclic corona graphs [6].

For kite graph, Das & Liu explored the spectral properties of adjacency matrix of kite graphs,
establishing that these graphs can be uniquely determined by their spectra [5]. Sorgun and Topcu
examined the characteristic polynomial of adjacency matrix of the Kite,, ,,, graphs [13].

In this study, the focus is on the spectral properties of the antiadjacency matrix of undirected
Kite, », graph, specifically form = 1, m = 2, and m = 3. In particular, the Kite, ,, withm = 11is
commonly known as the “short kite”. The study aims to explore key spectral characteristics,
including the characteristic polynomial, spectrum, and determinant, through the analysis of the
antiadjacency matrix of these graphs.

The following is a representation of the Kite,, ,,, graph with {v,, ..., v, } representing the vertex
set of K,, and {uy, ..., u,, } representing the vertex set of B,,. Figure 1 shows the Kite,, ,,, graph.

41

)[4]. The spectrum come out as the solution of the characteristic
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Figure 1. The Kite,, ,,, graph
The general form of antiadjacency matrix for the Kite,, ,,, graph is provided below.
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From the general form of the antiadjacency matrix of the Kite, ,,, graph, it can be expressed in a
block matrix as follows.
I
B(Kiten ) = [ nxn “nxm]
) ) ) ’ ] Bmxn _mern ) ) )
Here, I denotes the identity matrix of size n X n, a is a block matrix of size n x m with the

entry a,,; = 0 and all other entries are 1, § is a block matrix of size m x n with the entry g;,, =0
and all other entries are 1, and y is a block matrix of size m x m with the entries on the superdiagonal
and subdiagonal are 0 and all other entries are 1.

To analyze the spectral characteristics of Kite, ;, Kite,,, and Kite, 3 graphs, several key
mathematical concepts and theorems are employed:
Theorem 1.1. [10] If X isann X n matrix, then det X = [] A;, where A; are the eigenvalues of X.

Theorem 1.2. [9] If X isann X n matrixand X = [z g] then the determinant of X is given by

det X = det [P Q] _ {det(P). det(S — RP‘_llQ) l:f P 'is ?nvertf'ble
R S det(S).det(P —QS™'R) if Sis invertible
Vieti’s Formulae. [8] Let uq, iy, ..., ty, € C denote the n roots of the polynomial
P(z) = apz"+az" 1+ 4 an_1z+ay,ag,aq, ...,y € C,ag # 0

Then py. iy ooty = (=)™ (Z—Z)

2. MAIN RESULTS

The following presents the results obtained for the spectral characteristic of the Kite,, 1, Kite,, ,,
and Kite, 3 graphs.
Theorem 2.1. Let B be the antiadjacency matrix of the graph Kite,, ;. The spectrum of B consists
of A =1 with multiplicityn —1and A = 1 + vn — 1 with multiplicity 1.
Proof. The form of the antiadjacency matrix of the graph Kite,, ; is represented as

. Inxn  @nx1 Inxn  @nx1
B(Klten'l) B [len Y1><1] B [,31xn 1 ]

where « is a column vector of size n x 1 and £ is a row vector of size 1 x n. Here, y is simply 1

because m = 1. Thus, the characteristic polynomial of the antiadjacency matrix of the graph Kite,, ;
is
_ : _ (I = ADpxn Onx1 ]
P (ite, ;)X = det(B(Kiten 1) — A1) = det[ PR
Since the block matrix (I — AI),,«n IS invertible, we can apply Theorem 1.2:

det B(Kitep,) — Al = det(I — AD pxn X det([1 — A] = Bysn(I — M) 1)

=1-D"x det([l — Al = Bixn (i) Inxnanxl)

=(1- ﬂ)n X det([l - /1] - (1_;) ,lenanXI)
1

= (1 - " xdet([1-2]- (Z5) [n—1])
_ (1_A)nx<n—lz+2/l—2>
A—-1
=1-D)"1x (A2 -214+(2—-n))
Therefore, the characteristic polynomial of the graph Kite,, ; is given by:
Po(kite,)D) = 1= D" (A2 =24+ (2 —n))
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Based on the characteristic polynomial above, the spectrum of the antiadjacency matrix of the graph
Kite, 1 can be determined.

For the first factor: (1 — )" 1

The eigenvalue associated with this factor is 1 = 1. This because when 2 = 1, (1 — )™ becomes
zero. So, A = 1 is an eigenvalue with multiplicity n — 1.

For the second factor: (12 — 24 + (2 — n))

Using quadratic formula, so we obtain the eigenvalues from this factor are ., =1 —+n—1 and
A, = 1 ++/n — 1. Combining the results from both factors, the spectrum of the antiadjacency matrix
of the Kite, ; graph are

Spec B(Kitenll) = ( 1 1 1+ “1n - 1) [
n —

Corollary 2.2. Let B be the antiadjacency of the graph Kite,, ;. The determinant of B is given by
det (B(Kite,1)) =2 —n

Proof. From Theorem 2.1, the spectrum of the antiadjacency matrix of the graph Kite, ; are 1 with
multiplicity n — 1, and 1 + vn — 1 with multiplicity 1. According to Theorem 1.1, the determinant
of the matrix is the product of all its eigenvalues. Therefore
detB(Kite, 1) =14

="' (1+Vn-1)(1-Vn-1)

=1(1-(n—-1)

=2—-n

Theorem 2.3. Let B be the antiadjacency matrix of Kite, ,. The spectrum of B consists of 1 = 1
V2v2n—vanZ—sn+5-1
2

with  multiplicity n—2, A=14+
V2V 2n+VanZ—sn+5-1

with multiplicity 1, and A=1+

> with multiplicity 1.
Proof. The form of the antiadjacency matrix of the graph Kite,, , is represented as
B(Kite ) _ [Inxn a’nxz] _ [Inaxn anxz]

n2) —

) ) ’ Baxn Vax2 B :32><n_ L%z ) ) )
where « is an n X 2 matrix and g is a 2 X n matrix. Here, y is 2 X 2 identity matrix. Thus, the

characteristic polynomial of the antiadjacency matrix of the graph Kite,, , is

_ . _ _ (I = ADpxn Anx2 ]
PB(iten,) D) = det(B(Kiten;) — A1) = det[ Baxn (I = AD2xz

Since the block matrix (I — Al),,xy IS invertible, we can apply Theorem 1.2:

det B(Kitep,) — Al = det(I — AD pxn X det((I — A)axz — Basxn( — Mnxn) " nxa)
= (1 - A)n X det((l - AI)ZXZ - .82><n (Tll) Inxn anxz)

=1-D"x det((I — Ay — (ﬁ) Baxn anxz)

=(1_A)”xdet([18/1 12/‘[]_(?11)[?1:1 ngl)

n—A12+4+21-2 n—1
-1 1—1
=(1-2A)" x det
(1= A7 xde n—1 n—22+21-1

A-1 A-1
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— (- x —n+ A" — 42 —2nA + 7% + 4nd — 64+ 1
- A2—22+1
A=) =48+ (7 - 20)A% + (4n - 6)A + (1 —n))

(1-2)?
=1 =-D)"2Q* =423 + (7 -2n)A%2 + (4n—6)1 + (1 — n))
Therefore, the characteristic polynomial of the graph Kite,, , is given by:
Po(kiten,) D) = 1 = D" 2(A* =428 + (7 — 20)2* + (4n — 6)A + (1 — n))
Based on the characteristic polynomial above, the spectrum of the antiadjacency matrix of the graph
Kite, , can be determined.
For the first factor: (1 — 2)"2
The eigenvalue associated with this factor is A = 1. Because, when 1 =1, (1 — 2)""2 becomes
zero. So, A = 1 is an eigenvalue with multiplicity n — 2.
For the second factor: (1* — 443 + (7 — 2n)A? + (4n — 6)1 + (1 — n))
To find the eigenvalues corresponding to this factor, factorize the polynomial. Due to the complexity
of the polynomial, the factorization was carried out using computational tools. Using Wolfram
Mathematica, the quadratic equations were solved. The following eigenvalues were obtained from
this factor.

V2v2n—vV4n2 —-8n+5-1
11'2=1i \/

2
V2V2n+vVanz —8n+5—1
A3,4:1i

2
Therefore, the spectrum of antiadjacency matrix of the graph Kite,, , are
V2V2n—VanZ—sn+5-1 V2V2n+VanZ—sn+5-1
Spec B(Kiten,z) = 1 1+ 5 1+ > ]

n—2 1 1

Corollary 2.4. Let B be the antiadjacency of the graph Kite,, ,. The determinant of B is given by
det (B(Kite,;)) =1-n
Proof. From Theorem 2.3, the characteristic polynomial of B(Kitenrz) is given by
PB(Kiten,z)(/l) =A-D"2Q* =483 + (7 -2n)A%2 + (4n—6)1+ (1 — n))
To find the determinant, we need the product of all its eigenvalues. This involves analyzing the roots
of the second factor
M—a4B3 4+ (7-2n22+@n—-6)A+ (1 —n)
Since ag = 1 and a, = 1 — n, by Vieti’s formulas, the product of all the roots from this factor is
given by

1-n
11121314 = (_1)4T =1-—n

The eigenvalue A = 1 appears with multiplicity n — 2 from the first factor and the product of the
roots from second factor is 1 — n. Hence, the determinant of the antiadjacency matrix of the graph
Kite, , is
det B(Kiten,) = [14;

= (D" 2?1 -n)

=1—n | |
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Theorem 2.5. Let B be the antiadjacency matrix of Kite, ;. The spectrum of B consists of 1 =1

with multiplicityn — 1, A = 1 —%( ntP+Q+ J4n _p_Q- M) with multiplicity 1,

J2n+P+Q
_ 1 4(—1+n) . C e .
andl=1+ > ( 2n+P+0Q + \/4n P—0Q+ —J—Pw> with multiplicity 1, where P and Q are
defined as
P

1
((—108n +126n2 — 9n% ) + 2(9 +/15(31 — 180n + 414n? — 459n3 + 243n* — 54n5))>3

wN

3
Q

(—8 + 12n + 3n?)

1
((—324n +378n% — 27n3) + 6(9 +/15(31 — 180n + 414n2 — 45903 + 243n* — 54715)))3
Proof. The form of the antiadjacency matrix of the graph Kite,, 5 is represented as

a
B(Kite [ nxn n><3]
) ) ( n 3) B3xn V3x3 ) ) )
where ¢ isan n x 3 matrix and S is a 3 X n matrix. Here, y is a block matrix of size 3 x 3 with the

entries on the superdiagonal and subdiagonal equal to 0 and all other entries equal to 1. Thus, the
characteristic polynomial of the antiadjacency matrix of the graph Kite,, 3 is

. (I = ADpxn Onx3 ]
; A) = det(B(Kite - Al =det[
pB(Kwe"S)( ) (B(Kitens) ) Baxn (y — ADsxs
Since the block matrix (I — AI),,«y is invertible, we can apply Theorem 1.2:

det B(Kite,3) — Al = det(I — AD pxn X det((y — ADaxz — Basn(I — A1) atnxs)

= (1 - A)n X det((y - /11)3><3 - .83><n (rll) Inxnanxs)

= (1= 2)" x det ((y = )3 — (1—3) Baxnttnxs )

n-1 n-1 n-1
1-2 0 i—){ 1;1 1;1
— _ \n — - =
=1 -A)"xdet|| 0 = 13 1
1 1 - n-—1 Tl L
1—/’1 - 1-4
[A%2—21-n+2 —A-
1-1 1— A 1— A
1-1 1- A
2-A-n —n AZ—ZA n+1
1-1 1-1
A2-21-n+2\ [A2-22- n+1 12—21 n+1
_ _ n
=@ ’DX( 1-1 )( 1-1 1-1

() (2) (5 + B9 () (ﬁ) -
(55 () (559) - (22) (32) (B=25m) -
TS )
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4_42316]12—21—312 -
_ (1 . /Dn A*—42°+61°-21-31°n+4An+2n-3
1-2

=1 -D)"TA* - 423 + 612 =21 —342n+ 4An+ 2n - 3)
=1 -V (A* — 423 + (6 — 3n)A* + (4n—2)A + (2n — 3))
Therefore, the characteristic polynomial of the graph Kite, 3 is given by:
Po(kiten) D = (1 — D" (2* — 42% + (6 — 3n)A* + (4n — 2)A + (2n - 3))
Based on the characteristic polynomial above, the spectrum of the antiadjacency matrix of the graph
Kite, 3 can be determined.
For the first factor: (1 — )" 1
The eigenvalue associated with this factor is A = 1. Because, when 1 =1, (1 — 2)"*"! becomes
zero. So, A = 1 is an eigenvalue with multiplicity n — 1.
For the second factor: (1* — 423 + (6 — 3n)A% + (4n — 2)A + (2n — 3))
Given the complexity of this polynomial, the factorization was carried out using computational tools.
Using Wolfram Mathematica, the following results were obtained. Let

P
1

((—108n +126n% —9n3) + 2(9 +/15(31 — 180n + 414n2 — 459n3 + 243n* — 54n5))>3

wlN

3
and

Q

(—8 + 12n + 3n?)

1
((—324n +378n% — 27n3) + 6(9 +/15(31 — 180n + 414n2 — 45903 + 243n* — 54715)))3
Then, the eigenvalues are

4(—1+n)
J2n+P+Q

4(-1+n)

J2n+P+Q

Thus, the spectrum of the antiadjacency matrix of the graph Kite,, 3 are
Spec B(Kitens) =
1 4(-1+n) 1 4(=1+n)
( 1 1—;( 2n+P+QiJ4n—P—Q— _Zn+P+Q) 1+E(Jmi\/4n—P—Q+ _MHQ)).
n—1 1 1

1
Mz=1-3 2n+P+Qi\]4n—P—Q—

1
Ba=1+5 2n+P+Qi\/4n—P—Q+

Corollary 2.6. Let B be the antiadjacency of the graph Kite, 3. The determinant of B is given by
det (B(Kiteys)) = 2n -3
Proof. From Theorem 2.5, the characteristic polynomial of B(Kitenr3) is given by
Po(kitens) D) = (1 = D" (A" = 42° + (6 - 3n)2* + (4n — 2)A + (2n - 3))
To find the determinant, we need the product of all its eigenvalues. This involves analyzing the roots
of the second factor
M —a3+(6-3M)1%+@n—-2)1+(2n—-3)
Since ay = 1 and a4 = 2n — 3, by Vieti’s formulas, the product of all the roots from this factor is
given by
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2n—73
MAy A3, = (—1)* =2n-3

The eigenvalue A = 1 appears with multiplicity n — 1 from the first factor and the product of the
roots from second factor is 2n — 3. Hence, the determinant of the antiadjacency matrix of the graph
Kite, 3 is
det B(Kiten3) =14

="' (2n-3)

=2n-3 ]

3. CONCLUSION

According to the result above, we obtain the spectral characteristics of antiadjacency matrix of
the graph Kite, ;, Kite, », and Kite,, 3. Each graph exhibits distinct spectral properties, including
unique characteristic polynomials, spectrum, and determinant. For further research, we can
investigate the characteristic polynomial, spectrum, and determinant of the graph Kite,,,, for
arbitary values of m. This exploration could provide deeper insight into the spectral properties of
general Kite graphs and their potential applications.
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