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Abstract
In this research, we introduce a new concept of 2-primal quinary semiring and its characterizations
by utilizing special subsets. This concept is a generalization of 2-primal ternary semiring. The
method of this research is a literature study on scientific articles in international journals. This
research starts from concept of quinary semiring and some its ideals, then continues by studying
the basic concept of 2-primal quinary semiring, including weakly and strongly nilpotent sets. Next,
we define some special subsets of quinary semiring, and then provide some of their properties.
Through this special subsets, we provide characterizations of 2-primal quinary semiring.
Keywords: prime ideal, insertion property, quinary semiring, 2-primal quinary semiring

1. INTRODUCTION

In 1932, Lehmer [11] proposed the notion of ternary semigroups theory, concentrating on regular
and completely regular ternary semigroups. Additionally, he explored the standard embedding of
ternary semigroups and showcased their applications. In another publication, Dutta and Kar [4]
presented another algebraic structure known as a ternary semirings, along with regular ternary
semirings and k-regular ternary semirings. They investigated various properties associated with them.

As it has progressed, many other authors have contributed to the study of ternary semirings, such
as Kar and Shikari in [9] about soft ternary semirings, Kellil in [10] about strong ternary semirings,
and Dutta and others in [3] about power ternary semirings. Subsequently, in separate studies
documented in [6] and [1], are proposed the notion of k-regular additive ternary semiring and intra-
regular ternary semirings, respectively. Furthermore, a series of works in [13], [14], [15], [17] and [12]
identified the special ideals in ternary semirings such as k-hybrid ideals, a-ideals, tri-ideals, full k-
ideals, and p-prime bi-ideal, respectively.

The notion of 2-primal rings was presented by Birkenmeier and others in [2] through left near
rings. They defined a 2-primal ring if its radical set matches its nilpotent set. Paykan and Moussavi
developed that research in [16] about some characterizations of 2-primal skew generalized power
series rings. In 2015, Dutta and Mandal [5] introduced the notion of 2-primal ternary semiring,
extending the findings of 2-primal rings to this context. Janan and Irawati [8] continued the research
in [5] and explored some additional specialized subsets, aiming to derive alternative properties.

Furthermore, Janan [7] proposed the notion of quinary semiring and some properties of its special
subsets. In this research, we present the notion of 2-primal quinary semiring and its properties by
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special subsets of quinary semiring. We introduce some definitions and properties of 2-primal quinary
semiring. We also propose a generalized version of special subsets discussed in [5], denoted by
K(),K(D),K;, and K;, then we explore some properties of them. Moreover, we will utilize these
special subsets to characterize 2-primal quinary semiring.

2. METHOD

In this research, we use method of literature study on scientific articles in international journals. First,
we give some definitions and properties of quinary semiring, a generalization of ternary semiring, and
its ideals, such as prime ideal, fully semiprime ideal, and ideal which has the insertion property. Next,
we introduce some concepts of nilpotent element and 2-primal quinary semiring. After that, we
propose special subsets of quinary semiring, then we will characterize 2-primal quinary semiring by
utilizing these special subsets.

3. RESULTS

3.1 Quinary Semiring and its Ideals

In this section, we give some definitions and properties of quinary semiring and its ideals, such as
prime ideal, fully semiprime ideal, and ideal which has the insertion property.

Definition 3.1.1 A quinary semiring is defined by a nonempty set @, along with a binary addition and
a quinary multiplication operations, forms an additive commutative semigroup and satisfies the
succeeding criterias:

(1) (9192939495)96979899 = 91(4293949596) 979895 = 9192(q394959697) 9890 =

419293(9495969798)99 = 91929394(4596979899),

(@) (91 * 92)93949596 = 9193949596 + 9293949596,

() 91(q2 + 93)949596 = 4192949596 + 9193949596

(4) 9192(95 + 94)9596 = 4192939596 + 9192949596

() 919293(q4 + 45)q6 = 9192939496 + 9192939596

(6) 91929394(qs + q6) = 4192939495 + 4192939496
for any q1, 92,493, 94,95, 96,97, qs, 99 € Q-

Example. Set of all imaginary number I = {ai | a € R,i? = —1}.

Definition 3.1.2 Let Q be a quinary semiring. Then an element e € Q is said to be an identity element
if xeeee = exeee = eexee = eeexe = eeeex = x for any x € Q. If Q has an identity element then Q
is said to be a quinary semiring with identity. In this paper, a quinary semiring Q refers to a quinary
semiring Q with identity.

Definition 3.1.3 An additive subsemigroup I of a quinary semiring Q is said to be an ideal of Q if

Xq1929394, 91X929394, 9192X9394, 419293Xq4, 41929394x € I for any x € I and q4, g5, q3,
q4 € Q.

Definition 3.1.4 An ideal of a quinary semiring Q is said to be generated by q € Q if (q) =
QQQQqQQQEQ.

Definition 3.1.5 An ideal | of a quinary semiring Q is said to be a prime ideal of Q if VWXYZ < I
impliessVclorWclorXclorYclorZc]foranyidealsV,W,X,Y,Z of Q. Moreover, I is
said to be a fully semiprime ideal of Q if x> € I implies x € I for any x € Q.

Proposition 3.1.6 Let Q be a quinary semiring and I be an ideal of Q. Then I is a prime ideal of Q if
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and only if vQQQQOWQQRQRQRXxQQRQQRYQQQQz < I satisfiesvelorwelorxeloryelorzel
foranyv,w,x,y,z € Q.

Proof. (=). LetvQQQQwWQQQRQxQQRQQYQQQQz < I forany v,w,x,y,z € Q. Since Q is a quinary
semiring with identity, then (v) = QQQQvQQQQ. Therefore,
(WX w){x)yNz) = QQRQV(QQRRQRQA)QAQW(QRQRRQ)QQQRx(QRRAQ)QQQAY(QRRQAQ)QQQz
QQQQ

€ QQRQR(YQQREWQRQRQRQExQQRQRQYQAQQQ2)QQQQ

c (QRQENQQQRQ = 1QQRQ <1
Since I isa prime ideal of Q, then(v) S Tor(w) ST or{(x) SIor(y) S Ior{z) <. Asaresult, we
havevelorwelorxelory€elorzel.

(). LetVWXYZ < [ forany ideals V, W, X,Y, Z of Q. Suppose W, X,Y,Z & I. Then there exist

weW,xeX,y€eY, and z € Z such that w,x,y,z & I. Therefore, for any v € V we have

vQQQQWQQQQxQQQQYQQQQz S (VQRRQAI(WQQRQ)(XQRQQ)(YQQRQ)(ZQQQQ)
C VWXYZ < I. Hence, v € I which impliesV < I. Thus, I is a prime ideal of Q.

Definition 3.1.7 A nonempty subset T of a quinary semiring Q is said to be an t-system if for any

v,w,x,y,z € T there exist q;, q2, q3, ..., 416 € Q such that vq,4,q394Wqsq69795Xq9910911912
Yq13914915916Z € T

Proposition 3.1.8 Let Q be a quinary semiring and I be an ideal of Q. Then I is a prime ideal of Q if
and only if the complement of I, denoted by I¢ is an t-system.

Proof. (=). Suppose that I¢ is not an t-system. Then there exist v,w, x,y, z € I¢ such that for any

41,9293, 416 € Q Implies vq;142q394Wqsq69798Xq9q10911912Y913914915916Z € 1. Therefore,
vQQQQWQRQQQxQQRQRQYQQRQQz < I. Since I is a prime ideal of Q, by Proposition 3.1.6, we have

velorwelorx e€lory€lorze€l Thisisacontradiction. As a result, I¢ is an t-system.

(). Let I¢ is an t-system. Then for any v, w, x,y, z € I¢ there exist q;, g2, q3, ..., q1¢ € Q such

that vq,q29394Wq5969798Xq9910911912Y 913914915 916Z € 1. Therefore, we have vQQQQ
wQQQQxQQQQRYQQQQz £ I. As a result, by Proposition 3.1.6, I is a prime ideal of Q.

Definition 3.1.9 An ideal I of a quinary semiring Q has the insertion property if vwxyz € I implies

vQQQRQWQQQQxQQQQYQQQQz S I forany v,w,x,y,z € Q.

3.2 Concept of 2-Primal Quinary Semiring
In this section, we introduce some concepts of nilpotent element and 2-primal quinary semiring.

Definition 3.2.1 Let Q be a quinary semiring. Then an element x € Q is said to be a weakly nilpotent
if there exists n € Z* which implies x*™**1 = 0. Moreover, the set of all weakly nilpotent elements of
Q is denoted by NV (Q).

Proposition 3.2.2 Let Q be a quinary semiring, P(Q) be the intersection of all prime ideals of Q.
Then P(Q) € NV (Q).

Proof. Let x ¢ NV (Q). Then for any n € Z* implies x*™*1 = 0. Define T = {x*"*! | n € Z{}. Then

for any x4t yAnat+l Anstl s4ne+l ydns+l e T there exists x € Q such that
— x4n1+4n2+4n3+4n4+4n5+5+5+5+5+1
— x4(n1+n2+n3+n4+n5+5)+1 eT.

Therefore, T is an t-system not containing 0. By Proposition 3.1.8, T¢ is a prime ideal of Q. Since x =
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x*9*1 € T thenx ¢ TC. Hence, x & P(Q). As a result, we have P(Q) € NV (Q).
Proposition 3.2.3 Let Q be a quinary semiring. Then P(Q) is an ideal of Q.

Proof. By the definition of P(Q), clearly that P(Q) < Q. Since 0 € I for any prime ideal I of Q, then
0 € P(Q) which implies P(Q) # @. Now, let x;,x, € P(Q). Then x4, x, € I for any prime ideal I of
Q. Therefore, x; + x, € I for any prime ideal I of Q. Hence, x; + x, € P(Q). Now, let x € P(Q) and
q1,92,93,94 € Q.  Therefore, xe€l for any prime ideal [ of Q. Hence,
41929394%, 419293%94, 9192X9394, 41Xq29394,Xq1q2q394 € I for any prime ideal I of Q. Thus,
41929394% 919293%94, 9192%9394, 41Xq29394 Xq1 929394 € P(Q). As a result, P(Q) is an ideal of
Q.

Definition 3.2.4 Let Q be a quinary semiring. Then an element x € Q is said to be a strongly nilpotent
if there exists n € Z* such that (xQQQ)"x = {0}. Moreover, Q is said to be a strongly nilpotent if any
x € V' (Q) is strongly nilpotent.

Definition 3.2.5 A quinary semiring Q is said to be a 2-primal quinary semiring if P(Q) = N (Q).

Lemma 3.2.6 Let Q be a quinary semiring. Then Q is a 2-primal quinary semiring if and only if (Q)
is a fully semiprime ideal of Q.

Proof. (=). Letx> € P(Q) forany x € Q. Since Q is a 2-primal quinary semiring, then x> € N (Q).
Therefore, there exists n € Z* such that (x°)*"+D =0. Hence, x*GntD+1 = y20n+5 —
(x*>)#+D = 0. Since 5Sn + 1 € Z*, then x € N (Q) = P(Q). As a result, P(Q) is a fully semiprime
ideal of Q.

(). By Proposition 3.2.2, P(Q) € N (Q). Now, let x € M (Q). Then there exists n € Z* such
that x***1 = 0 € P(Q). Since P(Q) is a fully semiprime ideal of Q, then x € P(Q). Hence, M'(Q) S
P(Q) which implies P(Q) = N (Q). As a result, Q is a 2-primal quinary semiring.

3.3 Characterizations of 2-Primal Quinary Semiring

In this section, we propose a generalized version of special subsets discussed in [5], then we
characterize 2-primal quinary semiring by utilizing these special subsets.

Definition 3.3.1 Let Q be a quinary semiring and I be a prime ideal of Q. Then we define
K() = {x € Q| xQQQQYQQQ < P(Q) for some y € I},
K(I)={x€ Q| (xQQQ)"x < K(I) forsome n € Z*},
K, ={x € Q| xyQQQ < P(Q) for some y € I¢},
K, ={x € Q| (xQQQ)"x € K, for some n € Z*}.

Proposition 3.3.2 Let Q be a quinary semiring and I be a prime ideal of Q. Then
1 KM &1,
(@ KOsk cK,
(3) K(I) €K, CK,.

Proof. It is clearly by using Definition 3.3.1, Proposition 3.1.6, and Proposition 3.2.3.

Theorem 3.3.3 Let Q be a strongly nilpotent quinary semiring. Then the succeeding properties are
equivalent:
(1) Q isa2-primal quinary semiring,
(2) P(Q) has the insertion property,
(3) K(I) has the insertion property for any prime ideal I of Q,
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(4) K(I) = K(I) = K; = K, for any prime ideal I of Q.

Proof. (1) = (2). Let vwxyz € P(Q) for any v,w, x,y,z € Q. By Proposition 3.2.3, (wxyzv)® =
wxyz(vwxyz)(vwxyz)(vwxyz)(vwxyz)v € P(Q). Since Q is a 2-primal quinary semiring, by
Lemma 3.2.6, wxyzv € P(Q). Therefore, by Proposition 3.2.3 we have (xyzvQQQQw)°> =
xyzvQQQQ (wxyzv)QQQQ (wxyzv)QQQQ (wxyzv)QQQQ (wxyzv)QQQQw < P(Q). Since Q is a
2-primal quinary semiring, by Lemma 3.2.6, xyzvQQQQw < P(Q). Hence, by Proposition 3.2.3
we have (yzvQQQQwQQQQx)> = yzvQQQQwQQQQ (xyzrQQQQw)QQQQ

(xyzvQQQQw)QQQQ (xyzvQQQQwW)QQQQ (xyzvQQQREW)QQRQQx < P(Q). Since Q is a 2-
primal quinary semiring, by Lemma 3.2.6, we have yzvQQQQwQQQQx < P(Q). Similarly,
(zvQQQQOWQQQRQYxQQQQY)> < P(Q) by Proposition 3.2.3 and implies zvQQQQw

QQQQxQQQQy < P(Q) by Lemma 3.2.6 Moreover, (vQQQQwQQQQxQQQQyQQQQz)°> < P(Q)
by Proposition 3.2.3 and implies vQQQQwQQRQQxQQQQYQQQRQz < P(Q) by Lemma 3.2.6. As a

result, P (Q) has the insertion property.
(2) = (3). Let vwxyz € K(I) for any v,w, x,y,z € Q and prime ideal I of Q. Then there
exists b € I¢ which implies vwxyzQQQQbQQQ < P(Q). Since P(Q) has the insertion property, then

vQQQQWQRQRQQxQQQQYQQQRQzQQRQEbQQQ < P(Q). Hence, vQQRQWQQQ
QxQQQQyQQRQQz < K(I). As a result, K(I) has the insertion property for any prime ideal I of Q.

(3) = (1). By Proposition 3.2.2, P(Q) < N (Q). Suppose that there exists x € N(Q) but x &
P(Q). Then there exists prime ideal I of Q which implies x € I¢. By Proposition 3.1.8, I¢ is an t-
system. Therefore, there exist q1, g2, q3, ..., 416 € Q such that xq,9,9394Xq5969793Xq910
411912XG13G14915G16X € I€. By repeating this argument, we have (xQQQQ)*"x & I for some n €
Z*. Next, since x € V' (Q), then there exists n € Z* which implies x***1 = 0 € K(I). Since K(I) has
the insertion property for any prime ideal I of Q, then (xQQQQ)*"x < K(I). By Proposition 3.3.2, we
have (xQQQQ)*"x < I. This is a contradiction. Hence, V' (Q) € P(Q) which implies P(Q) = M (Q).
As a result, Q is a 2-primal quinary semiring.

(1) = (4). By Proposition 3.3.2, we have K(I) € K(I) € K;and K(I) € K; € K, forany  prime
ideal I of Q. Now, let x € K;. Then there exists n € Z* such that (xQQQ)™x < K,. Therefore, there
exists y € I¢ such that (xQQQ)"xyQQQ < P(Q). Note that x***1yQQQ = (xxxx)"xyQQQ <
(xQQQ)"xyQQQ < P(Q). Since Q is a 2-primal quinary semiring, by (2) we have
(xQQQQQRRQQA)*™ (xQRQQYQQRQ)IQQQQRQQQRQQQRQQ < P(Q). Since Q has an identity element e,
(xQQQQYQQQY)*™*1 c P(Q). Since Q is a 2-primal quinary semiring, by Lemma 3.2.6,
xQQQQyQQQ < P(Q) which implies x € K(I). Thus, K; € K(I). Asaresult, K(I) = K(I) = K; =
K; for any prime ideal I of Q.

(4) = (1). By Proposition 3.2.2, P(Q) < N (Q). Suppose that there exists x € N(Q) but x &
P(Q). Then there exists prime ideal I of Q which implies x & I. Now, since Q is a strongly nilpotent
quinary semiring, then there exists n € Z* which implies (xQQQ)"x = {0} € K. Therefore, x € K,.
Since K(I) = K(I) = K; = K;, we have x € K(I). By Proposition 3.3.2, x € I. This is a contradiction.
Hence, M (Q) & P(Q) which implies P(Q) = N (Q). Asaresult, Q is a 2-primal quinary semiring.

4. CONCLUSION

A quinary semiring Q is a 2-primal quinary semiring if and only if P(Q) is a fully semiprime
ideal of Q. By utilizing special subsets, some characterizations of 2-primal quinary semiring Q are
P(Q) and K(I) has the insertion property, and K(I) = K(I) = K, = K; for any prime ideal I of Q.
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