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Abstract

The log-normal distribution represents a type of continuous probability distribution that is
characterized by a positive skew, which signifies a long tail on the right. A log-normal distribution
describes a statistical distribution of values that have been logarithmically transformed from a
related normal distribution. In situations where predictor variables affect positive outcomes, log-
normal regression becomes significant. This research will construct a regression model that utilizes
a continuous response variable following a log-normal distribution, known as log-normal regression
(LNR). The purpose of developing the LNR model is to overcome the assumptions in classical
regression that are often unmet, such as normality, since not all data can full fill these assumptions.
Therefore, need an alternative method that does not require the normality assumption. One method
that can be employed is a regression with a specific distribution approach, such as the log-normal
distribution, known as log-normal regression. The LNR model will be developed through the
maximum likelihood estimation (MLE) approach to achieve parameter estimation using a numerical
method based on the Newton-Raphson iteration. Following this, hypothesis testing will be
performed using the maximum likelihood ratio test (MLRT) and a partial test that employs the Wald
test. The ultimate objective of this research is to illustrate how to apply the proposed LNR model to
real data. LNR model will be applied to analysis the number of poor people in Indonesia, examining
the factors that contribute to this issue. The results obtained in this study that variables human
development index, unemployment rate, percentage of gross regional domestic product, and
minimum wage in provinces influencing significance the number of poor people in Indonesia.

Keywords: Log normal regression, maximum likelihood estimation, maximum likelihood
ratio test, number of poor people.

1. INTRODUCTION

The log-normal distribution represents a category of continuous probability distributions
characterized by a positive skewness, thin shoulders, indicating a long tail on the right side [9] [10].
This distribution is founded on the statistical distribution of logarithmic values that come from a
related normal distribution. The log-normal distribution is especially applicable for cases where the
variable in question must exceed zero, since the logarithm of a number is only meaningful when that
number is positive. There are several justifications for utilizing log-normal distributions alongside
normal distributions. Generally, the logarithm signifies the power to which a base number must be
raised to yield the random variable depicted along a normally distributed curve. Across all log-
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normal distribution graphs, the logarithm of random variables is plotted from a normal distribution
curve [5].

One statistical method that can be utilized for analysis and estimating the relationships
between a response variable and one or more predictor variables is regression analysis. The
regression model operates under the assumption that the errors in the model must adhere to
normality; therefore, the response variable should ideally be normally distributed. However, in
reality, not all datasets follow a normal distribution, prompting the need for alternative distributions
for the response variable, one of which is the lognormal distribution. Regression model that
incorporates a continuous response variable following a lognormal distribution, along with its
predictor variables, is referred to as lognormal regression (LNR) [6]. The LNR model, developed
by [7] [19], employs the maximum likelihood estimation (MLE) method to derive parameter
estimates and subsequently uses the Wald test for hypothesis testing.

Research related to log normal regression was also conducted by [14] using log normal
regression to predicting household per capita expenditure in Poso Regency. The result of these study
show that log-normal regression outperforms and predicts more accurately than the traditional
method. Diantini et al., (2023) [4] were developed log-normal regression with three parameters and
Budinirmala et al., (2024) [3] were developed bivariate log-normal regression. The results of these
two studies showed that the MLE method was used to estimate parameters and the maximum
likelihood ratio test method was used to conduct hypothesis testing. However, in that study the
model obtained had not been applied to real data.

In this research, the LNR model will be developed using the MLE method to estimate the
parameters. However, a closed-form solution is not achievable. Hence, a numerical approach is
required to find the parameter estimates. The numerical optimization method applied in this research
is Newton Raphson. Following that, hypothesis testing will be conducted using the maximum
likelihood ratio test (MLRT). The final goal of this research is to demonstrate the application of the
proposed LNR model to real-world data. The case study in this research focuses on factors influence
the number of poor people on the provinces in Indonesia.

Previous studies have discussed several factors that influence poverty and the number of
poor people. Sambuaga et al., (2024) [15] were conducted the research to analyze the factors that
influence the number of poor people in North Sulawesi Province using the multiple linear regression
method. Furthermore, Praja et al., (2023) [13] were conducted the research in DKI Jakarta using the
panel data regression method with a fixed effect model approach. Based on previous studies, several
factors that influence the number of poor people had been discussed, but have not considered the
minimum wage for each province, city, or regency. Thus, in this study, one independent variable
will be added that may influence the number of poor people, namely the provincial minimum wage
(UMP). Furthermore, previous studies used methods that must meet classical assumptions, but in
realization not all data are able to meet these assumptions. Therefore, this study uses a method with
a distribution approach from the data used.

Based on the details provided, this study aims to: (i) develop the LNR model by using MLE
method, (ii) assess the parameters by using MLRT method, and (iii) analysis the significance of the
model applied to data on the number of poor people on the provinces in Indonesia. The predictor
variables consist of the human development index (HDI), unemployment rate (TPT), percentage of
gross regional domestic product (GDRP), and provincial minimum wage (UMP).

2. LOG NORMAL REGRESSION
Suppose n sample random that follows lognormal distribution and the corresponding predictor
variables (xl,xz, ) xj). In this part, we examine how the LNR model is constructed, along with its

parameter estimation and hypothesis testing. Based on [12] [10], a random variable Y is said to
follow a log-normal distribution with characterized by the parameters, a location parameter () and
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a squared scale parameter (o2), represented as Y ~ LN (u, o), with the probability density function
outlined in Equation. (2.1)

1 (o) -
fO) ={yVono P 20°? ,—0 < <00
0, otherwise
>0 (2.1)
Then, the statistics as follows [9] [17]
2

u=E)=exp (u + %) Var(Y) = exp(2p + 02)[exp(a?) — 1]

Here is regression model with response variable follows the lognormal distribution Y ~ LN (u, %)
and several predictors x;, X5, ..., X; [6],

T o’
/'l-i:ln(xi B)_ 2 By
=12,..,n (2.2)

where x; represents the vector of predictor variables, while B denotes the parameter vector
associated with the LNR model for the response variable.

with Xj = [1 Xj1 Xik]T(k+1)X1 , B = [BO Bl BR]T(k+1)><1
2
from the equation (2.2) was obtained y; = In(x{'8) — % then u is substituted into Equation (2.1).
Therefore, the probability density function (PDF) of LNR model as follows

1 _[ln Vi — (ln(x;rB) — %2)]

2

ex
fGi) = \y; V2o P 20° 'y
0, otherwise
>0 (2.3)

In earlier discussions, we covered the topic of parameter estimation for LNR using maximum
likelihood estimation (MLE). The likelihood function was developed from the equation provided

(2.3) is:
L(B,)
n In(y) — (In(xT8) - % w
ﬂr([ e

The In likelihood function from equation (2.4) is

. 3 (1n(xTg) = 2\
£(B,0) =In [1_[ y-\/lz_ng exp| - [1n(yl) (lr;E:TB) > )]
i=1 1
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n n
?(B,0) = —=In(2r) —nlno — ) In(y;)
z 2

1 n 212
- FZI [ln(yi) — ln(xiTB) + %] (2.5)

The initial derivatives of the logarithm of the likelihood function for every parameter are as follows.;

T

0¢(B,0) 1< X 2
6[30 :_ZZ <ln(yl ln(x?ﬁ)+%>

=t
3¢(B, o) 1 <
T A AN

To identify a maximum likelihood (ML), find the solution, all the previously mentioned

derivatives must be set to zero, leading to a system of equations. Nonetheless, a closed-form solution
for this system cannot be achieved. Therefore, a numerical method is required to determine the
solution, and one such technique that can be employed is the Newton-Raphson algorithm, outlined
below.

) o - & 4T - - .
Step 1. Establish the initial value for 8oy = [60) B(oy] , Where 8, > 0and B,y are derived
from the linear regression estimation.

Step 2. Construct the gradient vector g(8) = [%‘;’6) o G)] which is a vector containing the

initial derivatives of the likelihood function in natural Iogarlthm form for all of the estimated
parameters. Subsequently, the Hessian matrix H(®) is formed with each element representing
the second derivatives of the natural logarithm likelihood function for the estimated parameters.
9%¢(B,o) 0%¢(B,0)
& _| 9BapT o] Toley
H(8(m)) = 5228, 0)
do?

The elements of second partial derivative of the (B, o) function is according to;
922(B, o) 1w xTx o2
—GBGBT = GZZ 1+ In(y) — In(x{'B) +=

i= 1( P )
0%¢(B,o) n

= ;Zanm) ~In(xB))" - %

20B0) 2%
Taac=_§z T (ln(yl —In(x{'B))

simetris

i=1 X
Step 3. Begin the Newton- Raphson iteration utlllzmg the formula below [11].
B8(m+1) = Om — H™* (B )8 (B(my)

with m=1,2,...,m
Step 4. The iteration stops at the m* — th iteration when ||8m+1) — Oqmy|| < €. i€ £ is the very

small tolerance positive value. During convergence, the final iteration yields an estimated value
for every parameter.
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3. HYPOTHESIS TESTING

The hypothesis for simultaneous testing of parameters is stated as follows:

Ho =By =B =" =B

H; = atleast one B]- 0;j=123,..,k

The set parameter under the population is denoted as Q = {a, B1, B, .-, Br}. In contrast, the
set parameter under the null hypothesis is represented by w = {a, By}. The likelihood ratio test
(LRT) method is used to obtain the critical region of hypothesis testing by comparing the ratio of
the maximum value of the likelihood function under H, (L(w)), with the maximum value of the
likelihood function under the population (L(£2)).

The likelihood ratio test (LRT) approach is utilized to determine the critical region for
hypothesis testing by evaluating the ratio of the highest value of the likelihood function under the
null hypothesis (L(®)) to the highest value of the likelihood function under the alternative hypothesis

(L(Q)).
A=m<AO, 0<AOS1

The L(Q) was developed in equation (4). The L(w) is as follows

L(w)
n 09— (1n(Bou) - )|
= gﬁexp - [ln d (120[;() 2 )] (3.1)

The same steps as before, then obtained In likelihood function under Hy is

2\ 12
£(w) =1In Iny\/zl_naexp _ [ln(yi) - (122520«)) - GT)]
i=1 71 w w

n n
?(w) = —=In(2r) —nlno, — ) In(y;)
z 2

1 % 212
- EZ [ln(yi) — In(Bou) + %] (3:2)

The initial partial derivative of the logarithm of the likelihood function under the null hypothesis as

follows.;
n 2

at 1 w
W_ 3 <1n(yl-) ~In(Bo.) + 07)

anO O-E)BOQ) =1

04 (w) n 1

= , Moy
= > () ~ 1n(Bon))* — °
0y, 4 4
i=1

The first partial derivative shown does not have a closed form, and the maximum likelihood

estimator lacks analytical solutions. Therefore, by following the same procedure earlier a numerical
analytical technique needs to apply for estimating parameters under Hy,.
Based on equation (3.2) and (2.5) obtained the odds ratio as follows
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2

1m0 ~ (1n(Bou) - )|

1
no__ - _
L=1Yim8w P 26—2}
_ L@ _
L) . 82\]?
( ) 1 [ln(yl-) - <1n(XiTB) - %)]
=1 exp | — =7
“lyV2ne 26
<A, (3.3)
than the statistic uji of the MLRT method is
2
Lo
G2=—-InA?>= —ln<(—w,\)>
L(Q)
=2[InL(Q) — InL(®)] (3.4)

with, G2 is approach the chi square distribution by the large sample. Then the critical region of
rejected H, is G? > Xé;df, df = n(Q) —n(w), n(Q) represents the quantity of parameters within
the population, while (w) denotes the quantity of parameters within the null hypothesis.
Next steps are the partial hypothesis testing. The hypothesis for partial testing of parameters
is stated as follows:
Hy=Bj#0;,=123,...k
According to [3], the statistic uji is stated in equation
P
SE(B;)

with, SE(B;) = |var(B) . the var(P;) is the diagonal entries that relate to the —H~"(8) matrix.

)

The rejected of the null hypothesis if Z > Z,, /5.

4. DATA AND METHOD

The parameters estimation and hypothesis testing for the LNR model were carried out in
accordance with standard procedures. The LNR model was characterized using the probability
density function presented in Equation (2.5) for n observations, which facilitated the development
of the likelihood and natural logarithm likelihood functions. The first derivative of the natural
logarithm likelihood function was computed for each parameter and subsequently equated to zero.
Since the solutions lacked closed forms, numerical optimization became necessary, prompting the
use of the Newton-Raphson method in this research.

The parameters were estimated utilizing Maximum Likelihood Estimation (MLE). A
simultaneous hypothesis test was performed to assess the significance of the LNR using the
Maximum Likelihood Ratio Test (MLRT). Furthermore, the Wald test was employed for a partial
evaluation of individual parameter significance within the LNR. The developed LNR model, with
its parameter estimation and hypothesis testing, was implemented on real data as part of this
research.

This research utilized secondary data sourced from Statistics Indonesia. The response
variable considered was the number of poor people, alongside four predictor variables: the human
development index, the unemployment rate, percentage of the gross regional domestic product, and
province minimum wage. The data were gathered for 34 provinces in Indonesia, at the year of 2023.

Poverty is an incredibly complicated issue, making it difficult to address. It is associated
with various challenges, including insufficient food and nutrition, educational shortcomings, crime,
unemployment, prostitution, and difficulties stemming from low per capita income levels [1].
Poverty according to its causes is divided into two, namely poverty cultural and structural. Cultural
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poverty refers to poverty that arises from traditional or cultural elements within a specific
community, which bind individuals or certain groups to their impoverished circumstances. This type
of poverty can potentially be alleviated or even eliminated by challenging the factors that hinder
individuals from improving their quality of life. Structural poverty, on the other hand, is a form of
poverty that results from the powerlessness of individuals or specific groups against the prevailing
system or an unjust social order, leaving them in a weak negotiating position with limited
opportunities to grow and escape the cycle of poverty.

According to the Statistics Indonesia (BPS) [2], poor people are defined as those whose
average monthly per capita spending falls below the poverty threshold. The BPS assesses poverty
through the lens of the capability to full fill fundamental requirements, employing a basic needs
approach. This perspective views poverty as the economic incapacity to satisfy both food and non-
food necessities, evaluated from the standpoint of expenditure.

The Human Development Index (HDI) is a composite indicator to measure development
achievements in the quality of human life. This index is derived from an average that evaluates
accomplishments in three key aspects of human development: longevity and health, education, and
a satisfactory standard of living. The unemployment rate represents the proportion of unemployed
individuals relative to the entire workforce. An elevated unemployment rate suggests that a
significant portion of the workforce is not engaged in employment opportunities. Gross Regional
Domestic Product (GRDP) serves as a foundation for national or regional development strategies,
particularly within the economic sector. Additionally, these GRDP statistics can be utilized to assess
the outcomes of economic development efforts carried out by various stakeholders, including the
central government, regional governments, and private entities [2].

5. RESULTS

Initially, important to assess the fit of the empirical data to a log-normal distribution.
Inferential approach using Anderson Darling's (AD) goodness-of-fit test, since that test fit for testing
right skewed distribution including log normal distribution [12] and AD test was found to be the
powerful test compared to the Kolmogorov-Smirnov and Cramer von Mises tests for fit log normal
distribution testing [18]. The null hypothesis asserts that the data follows a log-normal distribution,
while the alternative hypothesis suggests that the data does not align with a log-normal distribution.
For the response variable, the AD test yielded a test statistic of 0.386 and a p-value of 0.373. Since
the p-value exceeds the significance threshold («) of 5%, we can conclude that the response variable
(YY) is consistent with a log-normal distribution. Anderson-Darling test for testing right skewed
distribution

This study also examined the multicollinearity present among the predictor variables. The
variance inflation factor (VIF) associated with each predictor variable is available in Table (5.1).

Table 5. 1. Multicollinearity test

Xl XZ X3 X4-
VIF 1,36 1,45 1,43 1,04

The VIF values for every predictor variable are below 5, indicating that there is no
multicollinearity among them and no needed corrective action [8] [16].

The following provides descriptive statistics regarding various variables for 34 provinces in
Indonesia. According to Table 5.2, the mean number of individuals living in poverty in 2023 is 762
thousand, with the lowest figure in North Kalimantan at around 48 thousand and the highest in East
Java at 4188 thousand. The average Human Development Index (HDI) is 72.62, with Papua
recording the lowest HDI at approximately 62.25, while DKI Jakarta has the highest at 82.46. The
unemployment rate averages 4.71%, with the lowest are found in West Sulawesi at 2.65% and the
highest Banten at 7.74%. The percentage of gross regional domestic product stands at 2.91% with
Gorontalo is the lowest at 0.25% and DKI Jakarta is the highest at 16.77%. The last one is the
provincial minimum wage are stands at 2.92 billion rupiah, with the lowest is Central Java at 1.95
billion rupiah and DKI Jakarta highest at 4.90 billion rupiah.
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Table 5.2. Descriptive Statistics of Data

Variable Mean Std. Dev Min Max
Number of Poor People (Y) 762 1063 4797 4186
Human Development Index (X;) 72.62 3.86 62.25  82.46
Unemployment Rate (X,) 4,71 141 2.65 7.74
Gross Regional Domestic Product (X3) 291 4.13 0.25 16.77
Provincial Minimum Wage (X,) 2.92 0.61 1.95 4.90

Model for Number of Poor People by LNR was conducted to identify the factors influencing
it in Indonesian provinces. The parameter estimation results of the LNR model are shown in Tables
5.3. Subsequently, a simultaneous hypothesis test was performed using the test statistic G2. The
value obtained for the simultaneous test statistic was 505.13, since this value is greater than
X(20_05;4) = 9.4877, the null hypothesis has been rejected, suggesting that one or more independent
variables have a significant effect on the response variable. Subsequently, a partial test was
performed. The Z test statistic values can be found in Table 5.3. With a significance level of 5%, it
was concluded that every predictor variable significantly influences the number of poor people.

Table 5. 3. Parameter Estimation Model for Number of Poor People

Variables Parameters Estimate Std Error Z p — Value

Intercept Bo 9.33 x 103 5.14 x 1073 1.81 x 10° 0.000
HDI By —0.95 x 10?2 584x107° —1.63x10° 0.000
TPT B, 0.65 x 102 1.42x10™* 458 x 10° 0.000
GDRP B3 2.13 x 102 447 x107* 477 x 10° 0.000
UMP B4 -8.82x 102 8.07x107* —1.09x 10° 0.000

According to Table 5.3, the variables used in this study-namely HDI, TPT, GDRP, and
UMP-have a significant effect on the number of poor people. Based on previous research, Sambuaga
etal., (2024) [15] stated that TPT also affects the number of poor people in North Sulawesi Province,
which is consistent with the results of this study. Furthermore, Praja et al., (2023) indicated that TPT
and the population growth rate have a significant effect, but HDI does not significantly affect the
percentage of poor people in DKI Jakarta Province. There are differences in the results obtained,
where this study found that HDI has a significant effect on the number of poor people in Indonesia.
The model formed is based on Table 5.3, as described below.

f =9330 —95x; + 65x, + 213x3 — 882x,

According to the model presented, it can be interpreted that if human development index,
unemployment rate, percentage of gross regional domestic product, and province minimum wage
are constant, it will increase number of poor people by 9330 (thousand people). An increase of one
unit of the human development index will decrease 95 (thousand individuals) in the number of poor
people, assuming the other predictor variables are constant. For every one-unit increase in the
unemployment rate, the number of poor individuals will rise by 65 (thousand individuals), assuming
the other predictor variables remain the constant. Each one-unit increase in the percentage of gross
regional domestic product, assuming all other predictor variables are constant, will result in an
increase of 213 (thousand individuals) in the number of poor people. Furthermore, a rise of one unit
in the province minimum wage will decrease in the number of poor people by 882 (thousand
individuals), with all other variables kept constant.

6. CONCLUSIONS

The estimation of parameters for the LNR model through MLE vyields an equation
that lacks a closed form, necessitating a numerical approach to derive the estimator values



706

JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI
Ni Luh Sri Diantini, Calvin Riswandi

for each parameter. In this research, the numerical method employed is Newton Raphson.
LNR model has been applied to analysis the cases of poverty levels in Indonesia. The results
of the model reveal that the significant factors influencing poverty levels include the human
development index, unemployment rate, the percentage of gross regional domestic product,
and the minimum wage in provinces. Based on these findings, it is recommended for future
research that scholars consider utilizing the bivariate model of LNR, acquire the data for
both response and predictor variables from a singular source, and examine alternative
statistical tests to identify multicollinearity. Furthermore, it is also advised for subsequent
studies to incorporate the LNR model with spatial effects to develop models relevant to each
specific location.
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