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Abstract

The ring of integers modulo n is an algebraic structure that plays an important role in various fields,
such as number theory, cryptography, and number system modeling. This structure also has a strong
connection to graph representation, especially in the formation of unit graphs. This research focuses
on the analysis of unit graphs formed from modulo integer algebras of a certain order, which aims
to formulate the general form of topological indices, namely Gutman, Sombor, Reduced Sombor,
Average Sombor, and Harmonic. The research considers two cases: the ring of integer modulo n =
2%,k € N and n = p, where p is an odd prime number. The results show that each index has a
unique and specific mathematical pattern according to its unit graph order. These findings provide
a deeper understanding of the topological and combinatorial properties of unit graphs, which may
help in generalizing their topological indices.

Keywords: Modulo Integer Ring, Unit Graph, Gutman Index, Sombor Index, Harmonic
Index.

Abstrak
Gelanggang bilangan bulat modulo n merupakan salah satu struktur aljabar yang memiliki peran
penting dalam berbagai bidang, seperti teori bilangan, kriptografi, dan pemodelan sistem bilangan.
Struktur ini juga memiliki hubungan erat dengan representasi graf, khususnya dalam pembentukan
graf unit. Penelitian ini berfokus pada analisis graf unit yang terbentuk dari gelanggang bilangan
bulat modulo dengan orde tertentu, yang bertujuan untuk merumuskan bentuk umum dari indeks
topologi, yaitu Gutman, Sombor, Sombor Tereduksi, Sombor Rata-rata, dan Harmonik. Penelitian
dilakukan pada dua kasus, yaitu gelanggang bilangan bulat modulo dengan orde n = 2%,k € N dan
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n = p, di mana p adalah bilangan prima ganjil. Hasil penelitian menunjukkan bahwa masing-
masing indeks memiliki pola matematis yang unik dan spesifik sesuai dengan ordo graf unitnya.
Temuan ini memberikan pemahaman lebih mendalam mengenai sifat-sifat topologis dan
kombinatoris graf unit, yang dapat mendukung beberapa bentuk perumuman rumus dari indeks
topologinya.

Kata kunci: Gelanggang Bilangan Bulat Modulo, Graf Unit, Indeks Gutman, Indeks
Sombor, Indeks Harmonik.

1. INTRODUCTION

Modulo Integer Algebras have wide applications in number theory, cryptography, and number
system modeling in computing. The study of this algebra has grown with the increasing need to
understand the properties of elements and operations that may occur in modular arithmetic systems
[3]. In addition, the structure of the ring is also related to the graph, where the vertices in the graph
are connected based on modulo operations on the elements of the ring [5].

Graphs are sets of vertices connected by edges, which are used to model relationships between
elements or models in various contexts [1]. One of the interesting models that emerged from the
study of modulo integer algebras is the graph representation of the unit graph formed from the
structure of the algebra. Some previous studies related to the topic of graph representation of ring
theory include zero divisor graphs [16] and nilpotent graphs [12].

One of the concepts in graphs is the topological index, which is a numerical measure used to
describe the characteristics of a graph. A topological index is a measure used to assess the
characteristics of a graph, such as the relationship between vertices, or other specific properties
related to the graph structure [14]. This metric plays an important role in graph analysis because it
can measure and compare various aspects of a graph, such as how closely vertices neighbor each
other and the distribution of vertices based on certain criteria.

Research on unit graphs in modulo integer algebras of a certain order attracts attention because
it can reveal topological and combinatorial properties of the elements of the algebra. Therefore,
researchers are interested in discussing the Gutman, Sombor, Reduced Sombor, Average Sombor,
and Harmonic Indices on the unit graph formed from the modulo integer ring of a certain order. The
choice of a particular order in the unit graph is to identify specific patterns and unique structures in
the unit graph, which may not appear in graphs of more general order [13] .

Research on unit graphs in modulo integer algebras of a certain order attracts attention because
it can reveal topological and combinatoric properties of the algebraic elements. Therefore,
researchers are interested in discussing the Gutman, Sombor, Reduced Sombor, Average Sombor,
and Harmonic Indices on the unit graph formed from modulo integer algebras of a certain order. The
choice of a particular order on the unit graph is to identify special patterns and unique structures on
the unit graph that may not appear on graphs with more general orders. The orders used in this
research are n = 2%,k € N and n = p where p is an odd prime number.

2. LITERATURE REVIEW

In this section, some supporting theories of research such as ring, graph and some indices used
in research are explained.

2.1 Relevant Research

Several related studies have been conducted in this area. Research conducted [12] studied
nilpotent graphs on the integer ring modulo (Z,) of order that is a power of a prime number. The
results show that if n is a prime number, then the nilpotent graph is a star graph (K, ,_; ). Research
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conducted by [13] discussed the Sombor Index as a new graph invariant in graph theory, focusing
on identifying graphs that have maximum and minimum Sombor Index among various classes of
cyclic graphs. The results show that the cycle graph C,, has the minimum Sombor Index for n > 4
while the graph H,, ,, has the maximum Sombor Index in the cyclic v graph with 5 <v <n — 2.
Research conducted by [18] and [17] focused on the formulation of Sombor, Reduced Sombor, and
Average Sombor Indices on nilpotent graphs of modulo integer algebras and coprime graphs of
quaternion groups. The results of this study show that there is a general formula that can be used to
analyze the topological characteristics of a graph. Meanwhile, [9] discussed the topological index
of the line graph derived from the identity graph in the integer multiplication group modulo a prime

order greater than three is ”2;3. This research shows that the graph has certain subgraph structures,

such as the C5 subgraph, pendant vertex, complete subgraph K;,_,, and ’%3 star subgraph K . In

addition, this study succeeded in formulating the general form of several topological indices,
including the Gutman and Harmonic indices. Research conducted by [10] examined the
characteristics and properties of unit graphs in the integer ring modulo n. The results show that if n
is a power of 2, then the unit graph forms a complete bipartite graph, while if n is a prime number,
the unit graph forms a complete partite graph with 2n + 1 parts. In addition, this study successfully
identifies various numerical invariants of the unit graph, such as vertex degree, chromatic number,
and graph diameter, where the 0 vertex has degree n — 1, other vertices have degree n — 2, and the
graph diameter is 2, which indicates that each vertex can be reached in at most two steps.

2.2 Ring
Definition 2.2.1 Suppose R is a nonempty set. R with binary operations of addition and
multiplication, denoted by (+) and (-), is called aring if Va, b, c € R satisfies the following axioms

[8].
1. The set R with addition operation (R, +) is closed, hence a + b € R.

The set (R, +) is associative, hence a + (b + ¢) = (a + b) +c.

The set (R, +) contains the identity element. Thereis0 € R, hencea+ 0 =0+ a = a.

The set (R, +) has an inverse element. Thereis —a € R,s0a + (—a) = (—a) +a = 0.

The set (R, +) is commutative, hence a + b = b + a.

The set R with multiplication operation (R,") is closed, hence a - b € R.

The set (R,") is associative, hencea-(b-c) = (a-b) - c.

The set (R,-) is distributive to the addition operation, hence a- (b +c¢) = (a*b) + (a-¢) and
(a+b)-c=(a-c)+(b-o).

O N Ok w

Definition 2.2.2 Suppose R is a ring with identity element x € R. An element u is called a unit on
R if there exists y € R and an identity elemente € R suchthatx -y = y - x = e. The set of all units
on R is expressed as U(R) [2].

2.3 Graph
Definition 2.3.1 A graph, or denoted by G, is a set of pairs G = (V, E), where V is a nonempty set
of vertices and E is a set of edges connecting a pair of vertices [6].

Definition 2.3.2 Order is defined by the number of points of G, denoted by |G|. While the size of G
is defined by the number of edges of G, denoted by |(|G])]| [6].
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Definition 2.3.3 The unit graph of R denoted by G (R), has the same set of vertices as the set of all
elements of R, different vertices x and y are neighbors if and only if x + y is a unit of R [2].

Definition 2.3.4 Suppose G isagraph, P = {v4,v,,...,v, } € V(G) is said to be a path if its vertices
are neighboring [6].

Definition 2.3.5 The distance between two points u and v is the length of the shortest path u — v.
If there is no shortest path of all u — v paths in G. Then, d; (u, v) := oo is defined [6].

Definition 2.3.6 The degree of a point v € V(G), denoted by deg; (v), is defined as the number of
edges adjacent to point v (or the number of points neighboring point v) [6].

Theorem 2.1.1 Suppose Z,, is a modulo integer ring of order n = 2%, Then the unit graph G (Z,,) is
a complete bipartite graph.

Theorem 2.1.2 Suppose Z,, is a modulo integer ring of order n = p, p is an odd prime number.
Then, the unit graph G (Z,,) is a complete nT“ — partite graph.

2.4 Index Topology

A topological index is a concept for describing the structural characteristics of a graph without
regard to size or geometric shape. Graphs are used to model compounds and chemical reactions in
compounds. Topological indices as molecular descriptors to evaluate toxicity and to predict
biological activity [7].

2.4.1 Gutman Index
Definition 2.4.1 Suppose there is a graph G. According to [4], The Gutman Index of a graph G is
defined as follows

Gut(G) = Z deg(u)deg(v)d(u,v)
u,vev(G)
where deg(u) and deg(v) are the degrees of vertex u and vertex v in graph G, while d(u, v) is the
distance from vertex u to vertex v in graph G.

2.4.2 Sombor Index

Definition 2.4.2 Suppose a graph G is a simple connected graph with vertex set V(G) and edge set
E(G). The spacing index, reduced spacing index, and average spacing index of the graph G are as
follows

S0(G) = 2 Jdeg(u)? + deg(v)?
uveE(G)

SOrea(@ = ) \[(deg@@) — D + (deg(v) - 1?
uveE(G)

50404 (G) = z \](deg(u) _ ZTm)2 + (deg(v) — sz)z
wveE(G)

where u, v € V(G) and u and v are neighbors with deg(u) and deg(v) being the degrees of vertices
u and v. Term m denotes the number of edges in graph G and n is the number of vertices in graph
G [15].
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2.4.3 Harmonic Index
Definition 2.4.3 Suppose a graph G. According to [11], The Harmonic Index of the graph G is
defined as
2
H(G) =
EE ) deg(u) + deg (v)
where deg(u) is the degree of vertex u is. the number of vertices u # v that are neighbors of vertex
u.

3. METHOD

This research is a theoretical descriptive and explorative research. This research aims to describe
and analyze the characteristics of unit graphs and formulate certain topological indices in the context
of modulo integer ring. The research procedures that carried out in this research are listed below.

1. Literature study by collecting and studying references related to unit graphs, modulo integer
ranges, and topological indices such as Gutman, Sombor, Reduced Sombor, Average Sombor,
and Harmonic.

2. Analyze the characteristics of unit graphs by analyzing the shape of unit graphs on modulo
integer ranges with specific orders, as well as the characteristics of unit graphs.

3. Construct conjectures about the relationships and patterns of the Gutman, Sombor, Reduced
Sombor, Average Sombor, and Harmonic Indices on unit graphs in the modulo integer ranges
of specific order.

4. Proving the conjecture that has been developed. If the conjecture is proven, then the conjecture
is stated as a theorem. If the conjecture is not proven, go back to the previous step to develop a
new conjecture and prove it.

5. Draw conclusions from the research that has been done based on the results of the proof of the
conjecture and the analysis carried out.

4. MAIN RESULT
4.1 Gutman, Sombor, Reduced Sombor, Average Sombor, and Harmonics Indices on Modulo
Integer Fields of order n = 2¥

Theorem 4.1.1 Suppose G (Z,,) is a unit graph of Z,,, with n = 2* for any k € N. Then, the Gutman
Index of the unit graph G (Z,,) is 3(2"‘1)4 - 2(2"‘1)3.

Proof. Based on Theorem 2.1.1 G(Z,,) a complete bipartite graph. Then Lestari et all found that
existV;, V, < V, where all vertices in V; are neighbors to all vertices in V, and no edges are neighbors
in the same partition. As a result, there are two cases that need to be solved to find out the Gutman
index of G(Z,) as follows.

Case 1. For u € Viand v € V,, we get
Z deg(w)deg(v)d(u,v) = (Zk_l)z(zk_l)z(l)

IS%%
VEV,

= (21"
Case 2. Foru,v € V;, fori = 1,2 and u # v, we get
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2

Z Z deg(uw)deg(v)d(u,v) = 2 (Zkz_l) (Zk_l)z(Z)

i=1 u,vEVi
ESY

_, ((zk—1)(zk—1_1)(zk—1_2)!> (2"“1)2(2)

@) (2k-1-2)!
= @R - )R
_ (Zk—1)3(2k—1 _ 1)(2)
-9 ( (Zk—1)4 _ (zk—l)S).

Based on Definition 2.4.1 and the two cases above, the Gutman Index of the unit graph G(Z,,) of

degreen = 2¥ forak € N is
2

Gut(G(R)) = Z deg(u)deg(v)d(u,v) +Z Z deg(u)deg(v)d(u,v)
uev; i=1WVvev;
VEV, U*v

— (Zk—1)4 +2 ( (Zk—1)4 _ (Zk—1)3)

= 3(2k1)* —2(2¢1)’. m

Theorem 4.1.2 Suppose let G(Z,) is a unit graph of Z,,, with n = 2% for any k € N. Then, The
Spacing Sombor Index of the unit graph G (Z,,) is (2"“1)3\/5.

Proof. Based on Theorem 2.1.1 G(Z,) a complete bipartite graph. Then Lestari et all found that
there are e,, e, € E, and all vertices in V; are neighbors with all vertices in V, where V;,V, c V. As

a result, we obtain the solution based on Definition 2.4.2 to find out the spacing index of G (Z,,) as
follows.

SO(G(R)) = (2k-1)*J(2F D2 + (2 1)2
= (Zk—l)z 2(2k-1)2
_ (Zk—1)3\/§
= (2¢1)°VZ.m
Theorem 4.1.3 Suppose G (Z,,) is a unit graph of Z,,, with n = 2% for any k € N. Then, the reduced
sombor index of the unit graph G (Z,)is (28-1)*VZ — (28-1)*VZ.
Proof. Based on Theorem 2.1.1 G(Z,) a complete bipartite graph. Then Lestari et all found that
there exist e;, e, € E, and all vertices in V; are neighbors with all vertices in V,where V;,V, c V.

As a result, we obtain the solution based on Definition 2.4.2 to find out The Reduced Sombor Index
of G(Zy,) as follows.

S0,eq(G(R)) = (24°1)° /(@ T = 1)2 + (2K 1 —1)2
_ (Zk—l)z 2021 —1)2
— (Zk—1)2(2k—1 — 12
= (@)~ @)z
SO0rea(G(R)) = (241)°VZ — (281)VZ. m

Theorem 4.1.4 Suppose G (Z,,) is a unit graph of Z,,, withn = 2% forany k € N. Then, The Average
Sombor Index of the unit graph G (Z,,) is ((23%73) — 2(23%~*))v2.
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Proof. Based on Theorem 2.1.1 G(Z,) a complete bipartite graph. Then Lestari et all found that
there exist e, e, € E, and all vertices in V; are neighbors with all vertices in V, where V;,V, c V.
As a result, the solution based on Definition 2.4.2 to find The Average Spacing Index of G(Z,,)is
obtained as follows.

— 2 _ 2
$Oavg (G(R)) = (Zk"l)zj<zk—1 - —2(2;1)2) + <2"‘1 - —2(2;1)2)

- (Zk_l)z\jz (Zk—l - 2(%:)2)2
_ (Zk—1)2 <2k—1 _ 2(2’(_1)2)\5

2k
= <(2k—1)3 _ 2(2"'1)4> N

2k

S04,g(G(R)) = ((2%%73) = 2(2%%*))V2. m

Theorem 4.1.5 Suppose G(Z,) is a unit graph of Z,, with n = 2% for any k € N. Then, The
Harmonic Index of the unit graph G (Z,,) is 2¢~1.

Proof. Based on Theorem 2.1.1 G(Z,,) a complete bipartite graph. Then Lestari et all found that
there exist V;,V, < V, where all vertices in V; are neighbors to all vertices in V,, and there are no
neighboring edges in the same partition. As a result, there is only one case that needs to be solved
to find out The Harmonic Index of G(Z,,) as follows.

2
H(G(R)) =

W deg(u) + deg (v)

~1\2 2
= (geri7)

()
= 2k—1

H(G(R)) =21 m

4.2 Gutman, Sombor, Reduced Sombor, Average Sombor, and Harmonics Indices on
Modulo Integer Fields of order n = p

Teorema 4.2.1 Suppose let G(Z,) is a unit graph of Z, with n = p, n is odd prime. Then, The
Gutman Index of the unit graph G (Z,,) is%(n —1D(n—-2)(n?-n).

Proof. Based on Theorem 2.1.2 G(Z,) a complete "T“ —partite graph with n odd primes. Then
Lestari et all found that there exist V3, V5, ..., Va1 € V where all vertices are neighbors, and there is

2
no edge in a partition. As a result, there are three cases to find The Gutman Index of G(Z,) as
follows.

Case 1. For {0,v} € V and v € Z,\{0}, we get
deg(w)deg(w)d(u,v) =(n—1)(n—1)(n—-2)(1)

{o,v}cv

=(m-1)>2%n-2).
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n+1

Case 2. Foru,v e I, fori = 1,2, w5 and u # v, we obtain
n-1
2
(n—-1)
Z deg(w)deg(v)d(u,v) = 3 n—2)(n—-2)(2)
i=1 WVEV;

u#v

=(m-1n-2)>
Case 3. For u, v € Z,\{0}, foru € V;,v € V},i # j, we get

n—-3)(n—-1)
Z deg(u)deg(W)d(,v) = ———"— (n — 2)(n - 2)(1)
¥
! _ (m=3)(n—-1)(n-2)*
_ . .

Based on Definition 2.4.1 and the above three cases, The Gutman Index of the unit graph G (Z,)
when n is an odd prime number is

Gut(G(R)) = (n— 1)%(n—2) + (n—3)(n—1)(n - 2)?

+(n—1)(n—2)>?

=(n—1)(n—2)((n—1)+w+(n—2))

=(n-1n-2) ((271—2) 4 (=D0=2) (2n—4—))

2 2 2
=(n—l)(n—Z)(4n_6+(n_3)(n_2)>

2 2

:%(n—l)(n—Z)(nz—5n+6+4n—6)

Gut(G(R)) = %(n —1)(n-2)(n?-n).m

Theorem 4.2.2 Suppose G(Z,,) isaunitgraph of Z, withn = p, nis odd prime. Then, The Sombor
Index of the unit graph G(Z,) is (n — 1)y/n2 + (n — 1)(n — 5) + %\/i(n -3)(n—-1)(n-2).
Proof. Based on Theorem 2.1.2 G(Z,) a complete nT“ —partite graph with n odd primes. Then

Lestari et all found that there exist e, e, € E, where all vertices are neighbors, and there is no edge
inside a partition. As a result, there are two cases to find the spacing index of G (Z,,) as follows.

Case 1. For {0,v} € V and v € Z,\{0}, we get
Y Jdeg@? + deg@)? = (1 - DY — 12 + (n— 272

{o,v}cv
=((Mn—1)y2n%2—-6n+5.

Case 2. Foru,v € Z,\{0}, foru € e;, v € ¢;,1 # J, we get
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S Vegu + deg@ = (n-3) (" )V - 22+ (- 22
vev
ij

= %(n —3)(n—1)y2(n—-2)2

Based on Definition 2.4.2 and the above two cases, The Spacing Index of the unit graph G (Z,)
when n is an odd prime number is.

SO(G(R)) = (n—1)y2n2 —6n+5 +%(n -3)(n—1)y2(n — 2)2

= (n—1)\/n2+n2—6n+5+%(n—3)(n—1)(n—2)\/§

SO(GR)) = (n— Dyn2+ (m—1)(n—5) + %\/f(n -3)n-1)n-2).m

Theorem 4.2.3 Suppose G (Z,) isaunit graph of Z, withn = p, nisodd prime. Then, The Reduced
Sombor Index of the unit graph G(Z,,) is (n — 1)v2n2 — 10n + 13 +%(n —3)%2(n—1)V2.
Proof. Based on Theorem 2.1.2 G(Z,) a complete nTH —partite graph with n odd primes. Then

Lestari et all found that there exist e;, e, € E, where all vertices are neighbors, and there is no edge
inside a partition. As a result, there are two cases to find The Reduced Sombor Index of G (Z,,) as
follows.

Case 1. For {0,v} € V and v € Z,\{0}, we obtain
Y Jeg@) — D + (deg(v) - )2

{o,v}cv

= (=D (-D - 1)+ (-2 - 1)°
=(n- 1)\/(n— 2)2 4+ (n—3)2.

Case 2. Foru, v € Z,\{0}, foru € e;,v € ¢;,i # j j, we get

> V(deg@) = D7 + (deg(®) — 12
vev)
i#j

1
=(n-3) (nT)\/((n ~2)-1)" +((n-2)-1)°
= %(n —-3)(n—1)/2(n—2)2.

Based on Definition 2.4.2 and the above two cases, The Reduced Sombor Index of the unit graph
G(Z,) when n is an odd prime number is

$0rea(GR)) = (n = Dy (n = 2)% + (n - 3)?

+%(n -3)(n—-1)y2(n—3)?
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1
=(n—l)\/n2—4n+4+n2—6n+9+5(n—3)2(n—1)\/§

50,04(G(R)) = (n — 1)y/2n% — 10n + 13 +%(n -3)2(n—-1)V2.m

Theorem 4.2.4 Suppose G (Z,,) isaunitgraph of Z,, withn = p, nis odd prime. Then, The Average
Sombor Index of the unit graph G(Z,,) is (n_l)( n—12%2+1+ @ﬁ)

n

Proof. Based on Theorem 2.1.2 G(Z,) a complete nTH —partite graph with n odd primes. Then

Lestari et al. found that there exist e;, e, € E, where all vertices are neighbors, and there is no edge
inside a partition. As a result, there are two cases to find The Average Spacing Index of G(Z,,) as
follows.

Case 1. For {0,v} € V and v € Z,\{0}, we obtain

{0;;‘/\/<deg(u) — 27"1)2 + (deg(v) — 27"1)2

— 2 _ 2
=(n-1) /(n—l)—“n?l)z\ /(n—Z)——Z(nTl)Z\

\ )\ J
= (n—1) ((n ~1) - (n ;1)2>2 + ((n ~2)— (n _nl)z)z

=(n- 1)j<(")(" —D-(n— 1)2>2 + <(n)(n -2)—(n— 1)"’)2

n n

(n-1)2%+(1)?
n2

= (ngl)w/(n—l)z F1.

Case 2. Foru, v € Z,\{0}, foru € e;,v € ¢;,i # j, we get

> o2+ s 2

uev;
VEV]'
i#j

=(n_3)(nT_1) /(n_z)_Z(nTZlil)z\z /(n—z)_Z(nT_l)z\z

\ )\ J

=(n-1)

2
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2
=(n—3)2(n—1) <( _2)_(n—1)2) ((n_z)_(n—nm)

2
n—-3)(n-1) (n—1)2
== 2(““2)‘ . )

OO T

_ n-3)(n—- 1)\/2
2n

Based on Definition 2.4.2 and the above two cases, The Average Spacing Index of the unit graph

G(Z,) when n is an odd prime number is
$Oug(6) = O T+ 07000

SOa,,g(G(R))=(nr_ll)< n—-1D2+1+ (n— )\/_>

Theorem 4.2.5 Supposet G(Z,) is a unit graph of Z, with n = p, n is odd prime. Then, The

2_
Harmonic Index formed from the unit graph G (Z,,) is 2 anz noants

3 2n—-4
Proof. Based on Theorem 2.1.2 G(Z,) a complete T —partite graph with n odd primes. Then
Lestari et all found that there exist V3, V5, ..., Va+1 © V where all vertices are neighbors, and there is

2
no edge in a partition. As a result, there are two cases to find The Harmonic Index of G(Z,) as
follows.

Case 1. For {0,v} €V and v € Z,\{0}, we get

2
deg(u) + deg(v) =@m=D ((n - D+ (n- 2))
_ 2n—2

2n—3

{0,vIcV

Case 2. For u, v € Z,\{0}, foru € V;,v € V},i # j, we obtain
2 _ (n=3)(n— 1)( 2 )
deg(u) +deg(v) 2 mn-2)+(n-2)

vEVJ
i#j

_n2—4n+3
T 2n-—4

Based on Definition 2.4.3 and the above three cases, The Harmonic Index of the unit graph G (Z,,)
when n is an odd prime number is.

n—2 n®—4n+3
H(G(R)) = 3+ -
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2n—2 n?®—4n+3

2n—3+ 2n—4
2n—2 n?®—4n+3

H(G(R))=2n_3+ il

5. DISCUSSION

Based on the research findings presented, this study aims to formulate the general form of
topological indices, namely the Gutman index, Sombor index, Reduced Sombor index, Average
Sombor index, and Harmonic index. This research examines the ring of integers modulo with order
n = 2%k € N, as well asn = p, where p is an odd prime number. The uniqueness of this study lies
in its application within the context of unit graphs, distinguishing it from previous studies. To date,
no research has specifically explored the use of topological indices in unit graphs, making this study
a novel contribution to the analysis of graph structures based on topological indices. By formulating
the general form of these indices within the framework of unit graphs, this research is expected to
expand insights in graph theory and provide a foundation for further studies in discrete mathematics
and combinatorics.

6. CONCLUSION

Based on the research conducted, The Gutman, Sombor, Reduced Sombor, Average Sombor, and
Harmonic Indices of the unit graph in the integer algebra modulo Z,, with order n = 2%, forak € N
and n = p, where p is an odd prime number are obtained as follows.

a. The Gutman, Sombor, Reduced Sombor, Average Sombor Indices of the unit graph in the integer
ring modulo Z,, with order n = 2%, forak € N, are

The Gutman Index is 3(24-1)" — 2(2k-1)*,
The Sombor Index is (2+-1)°VZ,
The Reduced Sombor Index is (25-1)°vZ — (2¢-1)*V2,

The Average Sombor Index is ((23%~3%) — 2(2%%~%))+/2, and
The Harmonic Index is 2%~1,

akr wDd e

b. The Gutman, Sombor, Reduced Sombor, Average Sombor Indices of the unit graph in the integer
ring modulo Z,, with n = p, where p is an odd prime number, are

1. The Gutman Index is 1%(n - 1D(n-2)n?-n),

2. The Sombor Index is (n — 1)y/n2 + (n = D(n = 5) +3v2(n - 3)(n = D(n - 2),
3. The Reduced Sombor Index is (n — 1)vV2n2 — 10n + 13 + %(n -3)2(n - 1)V2,
4. The Average Sombor Index is (n_l)( m—1)2+1+ (n;3) \/f) and
5

n

2n—2+n2—4n+3
2n-3 2n—4

CONFLICT OF INTEREST

The authors declare that there is no conflict of interest.

The Harmonic Index is




737

JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI

Satriawan Pradana, | Gede Adhitya Wisnu Wardhana, Rio Satriyantara

REFERENCES

[1]

[13]

[14]

Afdhaluzzikri, M., Wardhana, I. G. A. W., Maulana, F., & Biswas, H. R., 2025. The non-
coprime graphs of upper unitriangular matrix groups over the ring of integer modulo with
prime order and their topological indices. BAREKENG: Jurnal Ilmu Matematika dan
Terapan, 19(1), 547-556.

Ashrafi, N., Maimani, H. R., Pournaki, M. R., & Yassemi, S., 2010. Unit graphs associated
with gelanggangs. Communications in Algebra, 38(8), 2851-2871.

Aulia, S. A., Wardhana, I. G. A. W., Irwansyah, 1., Salwa, S., Misuki, W. U., & Nghiem, N.
D. H., 2023. The Structures of Non-Coprime Graphs for Finite Groups from Dihedral
Groups with Regular Composite Orders. InPrime: Indonesian Journal of Pure and Applied
Mathematics, 5(2), 115-122.

Azari, Mahdieh, 2018. on The Gutman Index of Thorn Graphs. Kragujevac J. Sci. Vol. 40.
No. 33-4

Biggs, J. B., 1993. From theory to practice: A cognitive systems approach. Higher education
research and development, 12(1), 73-85.

Chartrand, G., Lesniak, L. dan Zhang, P., 2010. Graphs & digraphs, Graphs and Digraphs.
Devillers, J., Domine, D., Guillon, C., Bintein, S., & Karcher, W., 1997. Prediction of
partition coefficients (log p oct) using autocorrelation descriptors. SAR and QSAR in
Environmental Research, 7(1-4), 151-172.

Gilbert, L., & Gilbert, J., 2015. Elements of Modern Algebra Eight Edition.

Husni, M. N., Wardhana, I. G. A. W., Dewi, P. K., & Suparta, I. N., 2024. Szeged Index
and Padmakar-lvan Index of Nilpotent Graph of Integer Modulo Ring with Prime Power
Order. Jurnal Matematika, Statistika dan Komputasi, 20(2), 332-339..

Lestari, S. T., Dewi, P. K., Wardhana, I. G. A. W., & Suparta, |. N., 2024. Algebraic
Structures and Combinatorial Properties of Unit Graphs in Gelanggangs of Integer Modulo
with Specific Orders. Eigen Mathematics Journal, 7(2), 89-92.

Li, Jian Xi dan Shiu, Wai Chee, 2014. The Harmonic Index of a Graph. Rocky Montain
Journal of Mathematics. VVol. 44. No. 5.

Malik, D. P., Wardhana, I. G. A. W., Dewi, P. K., Widiastuti, R. S., Maulana, F., Syarifudin,
A. G., & Awanis, Z. Y., 2023. Graf Nilpoten Dari Gelanggang Bilangan Bulat Modulo
Berorde Pangkat Prima. JMPM: Jurnal Matematika dan Pendidikan Matematika, 8(1), 28-
33.

Pratama, R. B., Maulana, F., Hijriati, N., & Wardhana, I. G. A. W., 2024. Sombor Index
And Its Generalization Of Power Graph Of Some Group With Prime Power Order. Journal
of Fundamental Mathematics and Applications (JFMA), 7(2), 163-173.

Putra, L. R. W., Awanis, Z. Y., Salwa, S., Aini, Q., & Wardhana, I. G. A. W., 2023. The
Power Graph Representation For Integer Modulo Group With Power Prime Order.
BAREKENG: Jurnal Ilmu Matematika dan Terapan, 17(3), 1393-1400.

RedzZepovié, 1., 2021. Chemical applicability of Sombor indice. Journal of the Serbian
Chemical Society, vol. 86, no. 5, pp. 445-457, 2021.

Satriawan, D., Aini, Q., Maulana, F., & Wardhana, I. G. A. W., 2024. Molecular Topology
Index of a Zero Divisor Graph on a Ring of Integers Modulo Prime Power Order.
Contemporary Mathematics and Applications, 6(2), 72-82.

Siboro, Ayes, Maulana, F., Hijriati, N., Wardhana, I. G. A. W., 2024. The Sombor Index Its
Generalization of The Coprime Graph for the Generalized Quaternion Group, Proceedings
of Science and Mathematics vol 26, pp. 65-70,2024.



738

JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI
Satriawan Pradana, | Gede Adhitya Wisnu Wardhana, Rio Satriyantara

[18] Wahidah, F. M., Maulana, F., & Hijriati, N., Wardhana, I. G. A. W., 2024. The Sombor
Index of The Nilpotent Graph of Modulo Integer Numbers, Proceedings of Science and
Mathematics vol 26, pp. 48-52, 2024.



