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Abstract

The generalized quaternion group is a non-abelian group of order 4n that exhibits certain
structural similarities with the dihedral group. It is generated by two elements that satisfy
specific defining relations. Meanwhile, a coprime graph is constructed by representing the
elements of a group as vertices, where two vertices are adjacent if the orders of the
corresponding elements are coprime. In this study, we investigate coprime graphs derived
from generalized quaternion groups, particularly when the group order is given by n = 2p,
with p being a prime number. Based on the structural properties of these graphs, we
compute several connectivity indices, including the First and Second Zagreb indices, the
Wiener index, the hyper-Wiener index, the Harary index, and the Szeged index.
Keywords: Connectivity Index, Coprime Graph, Generalized Quaternion Group

1. INTRODUCTION AND PRELIMINARIES

Representing groups using graphs is an effective approach to better understand their structure.
This idea was pioneered by Artur Cayley in 1843, leading to what is now known as Cayley graphs.
Subsequent developments extended this concept by replacing groups with semigroups, as explored
in works such as [6] and [1]. Over time, various modifications to the adjacency definition have
emerged, giving rise to alternative graph representations like the Power Graph [5], Order Element
Graph [8], and Coprime Graph [7].

Similar to other graph-based group representations, the coprime graph assigns group elements
as vertices, with edges formed between pairs of elements whose orders are coprime. This concept
was originally introduced in [7]. Further investigations into coprime graphs for dihedral groups are
discussed in [12], while their application to generalized quaternion groups is elaborated in [9].

Graph theory is widely recognized for its broad applications across various disciplines,
including chemistry. In this context, the concept of a connectivity index serves as a quantitative
descriptor of molecular structures, derived from the associated chemical graph. Several well-known
connectivity indices have gained attention, such as the Wiener index, hyper-Wiener index, Harary
index, and the first and second Zagreb indices, as well as the Szeged index. These metrics have
proven useful in the analysis of molecular frameworks [13] and the chemical behavior of substances
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like paraffin [14]. A prior study [18] explored the connectivity indices of coprime graphs over
generalized quaternion groups for specific prime values of n. The present study extends that work
by considering the generalized quaternion group of order 2p for arbitrary odd primes p, thereby
contributing to a more general understanding.

2. RESEACH METHODOLOGY

This study explores the structural patterns that emerge in the coprime graphs associated with
generalized quaternion groups of order n = 2p, where p is a prime number. According to previous
findings [11], the resulting coprime graph for such a group forms a tripartite structure. However, as
this graph is not a complete tripartite graph, determining the degree of each vertex becomes
nontrivial. Careful analysis of these structural patterns allows for the derivation of appropriate
formulas to compute the targeted connectivity indices.

Graph-theoretical terminology adopted in this research follows the conventions in [10].
Additionally, several key properties of generalized quaternion groups drawn from [9] are essential
for the analysis. Prior to proceeding, the definition of the generalized quaternion group is recalled
as follows:

Definition 2.1[16] The generalized quaternion group, denoted by Q,,,, is defined by the following
group presentation:
Qan = {a,bla®" =b* =e,b~'ab = a™'}.

Several properties of the generalized quaternion group that are relevant to this study are outlined
below.

Theorem 2.2 [9] Let Q,,, be a generalized quaternion group. Then the following hold:
1. 1Qnl=4n
2. The group Q4 is Abelianifand only if n = 1
3. Each element of Q,,, can be expressed as a'h’ with1 <i <nandb = 0,1.

Theorem 2.3 [9] If Q4 is a generalized quaternion group, then the order of each element in the
group can be determined using the following rule:

2n =0
o(a‘b’) =1 gcd(i, 4n)’ )=
4 0, j=1

This research discusses the connectivity index on coprime graphs over generalized
guaternion groups. The connectivity indices to be found include the First Zagreb Index, Second
Zagreb Index, Weiner Index, Hyper-Weiner Index, Harary Index and Szeged Index. The definitions
of the six indices for connected graph are as follows
Definition 2.4 [2] Let Q be a connected graph. The First Zagreb index, denoted by M, (Q), is
defined as:

M@= ) deg()?
VeV (Q)
where d(v) represents the degree of vertex v, i.e., the number of edges incident to v.
Definition 2.5 [2] Given a connected graph , the Second Zagreb index, written as M, (), is
defined by:
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M) = ) deg(u) deg(v)
uveE(Q)
where d(u) and d(v) denote the degrees of the vertices connected by the edge uv.

Definition 2.6 [4] For a connected graph Q, the Wiener index, denoted W (Q), is given by:

w(Q) = z d(u,v)
u,vev (Q)
where d(u, v) is the distance between vertices u and v, defined as the length of the shortest path
connecting them.

Definition 2.7 [17] Let {2 be a connected graph. The Hyper-Wiener index, denoted by WW (£2), is defined
as:

WW(Q) = % W@+ ) dwv)
w,vev (Q)
where d(u, v) is the distance between vertices u and v, defined as the length of the shortest path
connecting them.

Definition 2.8 [15] For a connected graph 02, the Harary index, symbolized as H (), is defined as:
1

H() =
@) d(u,v)
u,vev (Q)

where d(u, v) is the distance between vertices u and v.
Definition 2.9 [2] Given a simple connected graph 2 and an edge e = uv € E(G), the Szeged
index, denoted by Sz(G), is defined as:
S7) = ) IN(elD]INy (el
e€E(N)
where N;(e|2) = {w e V()|d(w,u) < d(w,v)} isthe number of vertices closer to u than to v,
and N, (e|2) = {w e V(Q)|d(w,v) < d(w,u)} is the number of vertices closer to v than to u.

3. MAIN RESULTS

This section is divided into two parts. The first part focuses on the structural patterns that arise
in coprime graphs constructed from generalized quaternion groups. The second part is devoted to
calculating various connectivity indices based on these structures.

3.1. Coprime Graph over Generalized Quaternion Group

The first part of the result is related to the coprime graph formed on the generalized quaternion
group. Before proceeding further, we provide the formal definition of the coprime graph along with
a brief review of several previous results concerning coprime graphs for certain group orders. This
foundation is essential before focusing on the case where the group has order n = 2p, which will
lead to the main result of this study.



19

JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI
Arif Munandar, Aulia Tiffani Rizky

Definition 3.1. [7] Let G be a group. The coprime graph associated with G is defined as a graph in
which each element of the group corresponds to a vertex, and two vertices are connected by an edge
if the orders of the corresponding elements are coprime.

Theorem 3.2.[18] Let Q4,, be a generalized quaternion group, and {2, =~ denote its coprime graph.
If nis an odd prime number, then £2,, forms a tripartite graph.

Theorem 3.3. [18] If the generalized quaternion group Q. is such that n = 2% , then the associated
coprime graph £2,,  is a star graph.

Theorem 3.4. [11] For a generalized quaternion group Q,,, where n = pflpécz ...plkl, with p; = 2 and
p; are prime numbers, then then 2, isal+ 1 partite graph.

The existing literature has not yet explored certain structural properties of coprime graphs over
generalized quaternion groups of specific orders. The main contribution of this work, which has not
appeared in previous studies, begins with the following analysis. This research will focus on the
generalized quaternion group with order n = 2p. Based on the previous theorem, the group with
this order will form a tripartite graph.

Corollary 3.5. Let Q,, be a generalized quaternion group, and (2,  its coprime graph. If n = 2p,
with p is an odd prime, then (2, is a tripartite graph.
Example 3.6. Consider the generalized quaternion group Q.,,, defined as follows:

Q40 = {e,a,a?,...,a*°,b,ab,a’b, ...,a*°b}.
By considering the order of each element in the group, a tripartite Coprime graph can be obtained
as follows

Figurel. Coprime graph over group Q4o
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If we look at the coprime graph formed from the group Q4 forms an incomplete tripartite graph.
This pattern will also appear for the generalized quaternion group with n = 2p, as p is an odd prime,
with details of vertex and edge partitions as follows
V(2, ) =PyUPLUP,UP

Where:
Py = {e}

n
P, = [a*] = {a*S|s = 1,2,..5 -1}
P, = [aEt ] U [a**2] U [a'b], With [aEt] = {az'|t = 1,2,3, ...,%n -1}, [a**?] = {a**?|s =
12,..,2—=1},[a'b] = {a'bli = 0,1,...,2n — 1}
P=V(0y,,)— (PyUP UP)

Tripartite graph formed by selecting vertex partitions Py, P, and P, U P. Then the edges of the
coprime graph can be partitioned into

E(%q,,) ={lalu[b]lu[clu[d]u [flu[g]u [h]}
With

n
[a] = {ea7t|t =1,2,3 }
n
[b] = {ea***?|s = 1,2, T 1}
n
[c] = {ea®s|s = 1,2,..5 -1}

[d] = {ea‘” s=1,2, ,% — 1}
[f] ={ea'bli =0,12,..,.2n — 1}

n, n 2n
[g] = {aZ"a*|s = 1,2, g T 1,t =123, ?}

. n
[h] = {a*Sa'b|s = 1,2, 5= LE=012,..,2n ~ 1}

3.2.Connectivity Index of Coprime Graphs over Generalized Quaternion Groups for
n=2p
By utilizing the vertex and edge structures described above, the connectivity indices of the
coprime graph constructed over the generalized quaternion group can be determined for the case

n = 2p, where p is an odd prime. The computation of these indices begins with the evaluation of
the first Zagreb index, as outlined below.

Theorem 3.7. Given a coprime graph (0 over the generalized quaternion group Q,,,. The first Zagreb
index over €, , for n = 2p with p an odd prime number, is
5 83
Mi(Qq,,) = §n3 + Tnz — 292n — 18.
Proof. As n = 2p with p an odd prime number, and then the degree of each vertex of the graph
Qg,, is as follows.

1. Since the vertex e is adjacent to every vertex in Q,, then deg(e) = 4n — 1.
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2. The set of vertices is [agt] is only adjacent to e and the set of shaped vertices [a**], thus
deg (agt) =2 fort=123 27" —1.

3. Since every vertex in [a*5*2] is only adjacent to e, then deg(a*$*2) = 1, fors = 1,2, % - 1.

4. Since every vertex in P is only adjacent to e, then we get deg(p) = 1, for every p € P.

5. Every vertex in [a**] is adjacent to {e}, [agt], and [a’b], while the number of vertices e, [agt],
and [a’b] are 1,2?” —1,and 2n, thus deg(a*s) = 2n + Z?n, fors = 1,2, % -1

6. Every vertex in the form [a’b] is only adjacent to e and [a**], while the number of vertices e is
1 and the vertex [a*] is 7 — 1, 50 deg(a'b) =, for i = 0,1,2, ..., 2n — 1.
Then, from the above conditions, the First Zagreb Index is obtained as follows,

Mi(Qq,)= ). (degw))?

veV(Qq,,)
n 2
= deg (e)? + deg (ait) + Z deg(v)? + Z deg(v)?
ve[atst2] VEP
+ 2 deg(v)? + Z deg(v)?
ve[a*] ve[alb]
- (4n—1)2+(2?n—1)(%)2+(g—1)+(n—2)+(g—1)(2n+4)2
+ (2n) (g)2

Because p = % then

3 n
M;(Qq, ) = (16n2 —8n +1) + (an) + (— - 1) +(n—2)+ (2n3 + 4n% — 8n — 16)

2
n3
+<7>
5, 83 , 29
=§Tl +Tn —7—18.

Thus, the First Zagreb Index of O, withn = 2p where p is an odd prime number is §n3 + %nz —

En—18. [ ]
2

The next index investigated is the second Zagreb Index whose calculation involves multiplying the
degrees of the connected vertices.

Theorem 3.8. Given a coprime graph Q over generalized quaternion group Q,,. Second Zagreb
index over Q,, is

19
My(Qq,,) = n* + 7n3 +6n*—-37n+7,

if n = 2p with p is an odd prime number.

Proof. Given n = 2p with p is an odd prime number. Based on the proof in Theorem 3.7, we get
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My(0g,)= ) degluw)deg(v)

u'UEE(QQan)
n
= deg(e) deg (aft) + Z deg(u) deg(v) + Z deg(u) deg(v)
uve(b] uvelc]

+ Z deg(u) deg(v) + Z deg(u) deg(v) + Z deg(u) deg(v)
uveld] uve(f] uve(g]

+ Z deg(u) deg(v)
uvelh]

=(4n—1)(2?71—1)(2)+(4n—1)(g—1)+(4n—1)(n—2?n+2)
+(4n—1) (2—1) (2n+2?n)+(4n— 1)(2n) (g)

+ (217“ - 1) (g 1) (g) (Zn + %n) + (g - 1) (2n) (Zn + 2?”) (g)
because p = % then
Mz(QQ4n) = <6n2 _;n> + (an —gn + 1) +(4n% —9n +2) + (4n3 —n2 — 16n + 4)
+(4n® —n?) + (;n3 B 6n> — (n* - 4n?)
=Tl4+12—9n3+6n2—37n+7.

So the Second Zagreb Index over Q,,  for n = 2pis n* + %n3 +6n*—37n+7.m

The next indices analyzed are Weiner and Hyper Weiner. The calculation of these two indexes
involves the distance between each vertex in the graph that is adjacent to each other.

Theorem 3.9. Given a coprime graph  over generalized quaternion group Q,,. The Wiener index
of Qp, IS
Qan

47
W(Qq,,) = 16n* ——n+8,

with n = 2p, where p is an odd prime number
Proof. Given n = 2p with p is another prime number, we get

W)= ) dww+ ) dww+ > dww+ Y dww)

uveV(Qq,,)—{e} ueagf‘vepl u€la*s+2],ve{p,uP} UEP,VE(P; UP,}

+ Z d(u,v) + Z d(u,v) + Z d(u,v) + Z d(u, v)

w.€P;,vE[alb] wpe agf] u,ve[a*s+2?] w,veP

+ Z d(u,v) + Z d(u,v)

u,ve[ats] wvelalb]
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=(4n—1)+3(g—1)+2(g—1)(72—n)+2(n—2)(1+3n)+(g—1)(2n)+2(;)+2<g_1>
n
2

oo a2 ) )

=(4n—1)+(3p—3)+<7%—7n>+(6n2+6n—32p—4)+(n2—2n)

4n? n? 3n 5 n? 3n
+<p—2—10>+<7—7+2)+(n +3n—16p+6)+<z—7+2>
+ (4n? — 2n)
Because p = 7, then

47
W(Qq,,) = 16n* ——-n+8.

So the Wiener Index of g, withn = 2pis16n>—=n+8.m
Theorem 3.10. Given a coprime graph Q over the generalized quaternion group Q.. The hyper-
Wiener index over Qq,  with n = 2p and p is an odd prime number is

WwW(Qq,,) = %nz —37n + 14.

Proof. Given n = 2p, with p is another prime number. Let us first determine the sum of squared
distances between two vertices in Q,, , as follows

d(u,v)? = Z d(u,v)? + z d(u, v)z + z d(u, v)?

u,vev (Q) uveV(Qo,,)—{e} ueaz' vep, uela®s+2]ve(pP,uP)
+ Z d(u,v)? + Z d(u,v)? + Z d(u,v)? + Z d(u, v)?
UEP,vE{P1UP,} w.€Py,ve[alb| u,ve[agt u,ve[a*s+2]
+ Z d(u, v)? + Z d(u, v)? + Z d(u, v)>
wVEP w,ve[ats] u,ve[alb]
2n n n n n
— _ an n_ n_ M52 _ 2. ("
- (4n 1)+(p 1)(2 1)+ (5 1)(2)2 + (-2 +3m2° +(5-1)2n

n n
3 5—1 n—2 5—1 2n
2 2 2 2 2 2 2
()T ) (07 (2 ) ()2
={@n—-1)+ Bp —3) + (7n? — 14n) + (12n? + 12n — 64p — 8) + (n? — 2n)
8n? n? 5 n?
+ p—2—20 + 7—3n+4 +(2n*+6n-32p+12) + 7—3n+4
+ (8n? — 4n)

Because p = 7, then obtained

101
d(u,v)? = 31n? - n+t 20.
u, VeV (Q)
Based on Theorem 3.9, we obtain
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ww(9g,) =5 W(eg,)+ Y (dn)

u'VEV(QQ4n)
1 , 47 , 101
= E<(16n - 771 + 8) + (31n - Tn + 20))
47
= 771 —37n+ 14.

Thus, the hyper-Wiener index over Q,, with n = 2p, where p is an odd prime number is %nz —

37m+14. m

Theorem 3.11. Given a coprime graph € over the generalized quaternion group Q,,. The Harary
index over Q,, is
19 13

H(Qo,,) = n*—Fn-1,

with n = 2p and p odd primes.
Proof. Harary Index is the sum of the inverse of the distance between two vertices in the Q, ,so
using the result in Theorem 3.10, the Harary Index is obtained as follows

H(Q,,) = Z d(;,v)Jr nz d(,1U)

u=e,veV(Qq,,)—{e} ue[aft],veﬂ

+ ! + Z !
4 d(u,v) d(u,v)
uE[a45+2],uE{[ 5t]UPU[a43]U[aib]} UEP,VEP,UD,
1 1
> e
) d(u v) d(u v) d(u,v) d(u,v)
u€P;,ve[alb] wre a2 u,ve[atst2] u,vep
+
d(u v) d(u V)
u,ve[ats] uve[alb]

o )+

Because p = 7, then

H(Qq,,) = (4'"_1)+<;Tl—3>+<gn2—%n>+<;n2+;n_1)+(n2_2n)+<4_;)

+n2 3+1+n25+3+n23+1+(2n)
16 8" "2 4 1" 16 8" L
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19 , 13 1
Tt "
Thus, the Harary Index of Q,, with n = 2p, where p is a prime odd number, is —n + -1

|
Theorem 3.22. Given a coprime graph Q,, over the generalized quaternion group. The Szeged
index of Q, is
5
SZ(QQ4n) =n*-—nd+ an +8n—75,

if n = 2p with p is another prime number.
Proof. Given n = 2p, where p is another prime number. We can determine the distance of adjacent
vertices in Q, , as follows

1. Edgea = eagt
Ny (alQy,,) = {u € V(Qq,, )|dwe) < d( [ D}
Nz(a|QQ4n) = {u € V(QQ4n) (u [ ]) < d(u, e)}
so Ny (alQ,,) = (g — 1) (n -2 2) + (2n) = %
2. Edge b = ea*st+?
N;(b|Qg,,) = {u € V(Qq,, )|dw e) < d(w,[a**?]} = [aft] UPU[a*]uU[a'b]
Ny(b|Qg,,) = {u € V(Qq,, )|d(w [a**?]) < d(u,e)} = {a**?},
50 Ny (b],,) = (2= 1) + (n=Z+2) + (5 - 1) + @n) = Znand N (b]9g,,) = 1.
3. Edgec =eP
Nl(c|QQ4n) ={ue V(QQ4n)|d(u, e) <du,P)}= [agt] U [a**?]u [a*] U [a'b],
Ny(c|Qq,,) ={u e V(Qq, )|dw,P) < d(u,e)} =P,
s0 Ny (c],,) = (5-1)+ (5-1)+(5-1) + 2n=3n+Z = 3and Ny(c|,,) = 1.

a**2JuP U [a'b],

(=)

-= + 1and Ny(alQ,, ) = 1.

4. Edged = eq?®
N, (d|Qq,,) = {u € V(Qq, )|dw, e) < d(u,[a*]D} = [a***] u [P],

N, (d|Qg,,) = {u € V(Qq, )|d(u, [a*]) < d(u,e)} = {a4s},

so Ny (d|Qg, ) = (2 - 1) +(n—4+2) =2n-3and Ny(d|Qq,,) = 1.
5. Edge f = ea'b

Ny (f|0,,) = fu € V(Qq,,)|d(w ) < d(u,[a'b])} = [a2'] U [a**2] U [P],

N2 (f|90,,) = {u € V(Qq,,)d(w [a'b]) < d(u, )} = {a'b},

50 N (£100,,) = (2= 1)+ (5-1) + (n =2 +2) = Znand Ny(f]0g,,) = 1.
6. Edge g = aztqts

N (9]9,,) = {u € V(Q,,)

N2(9]9,,) = {u € V(Qq,,)

d (u, [a%t]) < d(u, [a‘”])} ={a¥]j < s}u [agt],
d(u,[a®]) < d (u, [a%t])} = {a*}u [a'b],
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50 Ny(g]Qq,,) = (5-1-1)+1=2—1and Ny(g]Q,,) = 1+ 2n.
7. Edge h = a*a'b
. . n
Ny (h|Qq,,) = {u € V(Qq,, )|dw, [a*]) < d(u,[a'b])} = {a’b|j <i}u [aft] U {a*},
Ny(h|Qy,,) = {u € V(Qq,,)|d(w [a'b]) < d(w [a*]D} = {a"]j < s}u{a'b},
s0 Ny (R|Qq,,) =3+ 1+ (@n—1) =2n+3and Ny(h|0g, )= (3-1-1)+1=2-1.

2
Based on the explanation above, the Szeged Index of the graph is as follows

52(00,) = ). INa(u]0q,)] [N2(u]9,,)]

uEE(Q’Qan)
= [Ny (al2g,,)INa(alag, ) + ) [N (b]%,)IN2(b]00,,)]
be[b]

+ ) [M(elfo, )M (el )l + D IN(d]g,,)INa(d]0,,)]
c€lc] deld]

+ 3 (100 INa(Flog, )l + D [Ni(g]%,,)lIN2(gl0%,,)]
felf] gElgl

+ ) [N (klag,,) N2 (]9,
he[h]

<2n 1)(7 2n+1)+(n 1)(7 )+< 2n+2)<3 Lo 3)
=(—-1)(zn—— =—1)(zn n—— n+—-—
14 2 p 2 2 14 p
+(E—1)(E —2—n+1)+2n(En>+<2—n—1)(2—1)(1+2n)
2 2" 2 p 2
n 2n n
+(§—1)2n+<2n+?—1>(§—1)
because p = 7, then

5
SZ(QQ4n) =n*-—nd3+ an +8n —5.
So the Szeged Index of Q, with n = 2p where p is an odd prime number is n* —n® + %nz +

8n—5.m

4. CONCLUSION

By analyzing the structural patterns found in coprime graphs of generalized quaternion groups
with order n = 2p, where p is an odd prime, six connectivity indices can be evaluated. These include
the Wiener Index, Harary Index, Hyper-Wiener Index, First Zagreb Index, Second Zagreb Index,
and Szeged Index.
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