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Abstract 
Probit regression is a statistical analysis method used to analyze the relationship between response 

variables and predictor variables where the response variable is categorical with a normal 

distribution link function. Based on the measurement scale, probit regression is divided into two, 

namely binary probit regression and ordinal probit regression. Based on the number of response 

variables, ordinal probit regression is divided into two, namely univariate ordinal probit regression 

and multivariate ordinal probit regression. Multivariate ordinal probit regression that has two 

response variables is called bivariate ordinal probit regression. In univariate ordinal regression, if 

there are many unequal proportions in certain categories, conventional univariate probit ordinal 

regression cannot provide good estimation results. Therefore, univariate ordinal probit regression 

must be developed into Zero Inflated Ordered Probit (ZIOP) Regression. Similar to univariate 

ordinal probit regression, bivariate ordinal probit regression produces poor estimates if the response 

variable is zero inflated, so it is developed into Zero Inflated Bivariate Ordered Probit 

Regression (ZIBOPR). This study aims to estimate the parameters of the ZIBOPR model, using 

the Maximum Likelihood Estimator (MLE) method with Brendt, Hall, Hall, and Hausman (BHHH) 

numerical iteration. This study produces a parameter estimator of the ZIBOPR model, which is a 

combination of binary probit regression and bivariate ordinal probit regression with the BHHH 

numerical iteration approach. 

 

Keywords:  ZIBOPR, MLE, BHHH. 

 

 

1. INTRODUCTION 

Probit regression is a statistical analysis method used to analyze the relationship between 

response variables and predictor variables where the response variable is categorical with a normal 

distribution link function. Based on the data measurement scale, probit regression is divided into 

two, namely binary probit regression and ordinal probit regression. In probit regression which has 

two categories in the response variable is called binary probit regression. However, data categories 
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are not always only two categories. Therefore, the development of binary probit regression is ordinal 

probit regression which has categories in the response variable that are more than two categories 

and have levels [12]. 

Ordinal probit regression is a regression method used to see the relationship between predictor 

response variables where the response variable is more than two categories and where the categories 

have levels [10]. Ordinal probit regression that has more than one response and is correlated is called 

multivariate probit regression [5]. In multivariate ordinal probit regression, there are only two 

response variables in one ordinal probit regression model called bivariate ordinal probit regression 

where this method is useful to see the relationship between two categorical response variables and 

several predictor variables that are thought to have an effect together [2].  

Ordinal probit regression is effective when modeling data with ordinal response variables with 

frequencies in each category that tend to be balanced . However, many events in the field show an 

excess frequency in one category or what is called zero-inflated. Conventional ordinal probit 

regression that models each category together is unable to accommodate these conditions. In this 

case, the ordinal probit regression is developed into Zero Inflated Ordered Probit (ZIOP) regression, 

where ZIOP models the inflated category and other ordinal categories separately [1]. 

The ZIOP regression model describes an extension of the ordinal probit regression model to 

consider where zeros can arise from two different variables in individual treatments. The ZIOP 

regression model has an inflated variable which is a predictor variable that affects the chance of zero 

inflation where the proportion of zeros is higher than expected. Such variables are usually expressed 

in the form of binary probit regression. Predictor variables in ordinal probit regression are used to 

predict the ordinal category of the response variable [11]. The combination of binary probit 

regression and ordinal probit regression allows the ZIOP regression to account for zero inflation so 

that the predictors and the level of the response variable are linked together [6].  

Bivariate ordinal probit regression produces poor estimates if the response variable is zero-

inflated. Therefore, in these cases, the bivariate ordinal probit regression method is not good to use 

because it will produce biased parameter estimates, so it was developed into Zero Inlfated Bivariate 

Ordered Probit Regression (ZIBOPR) which is ZIBOPR development of the ZIOP model, which 

has two response variables that have levels and are zero-inflated and the two response variables are 

correlated [3]. 

ZIBOPR is a statistical method used to see the relationship between two ordinal categorical 

response variables where the two response variables are zero-inflated and correlated. ZIBOPR is a 

combination of binary probit regression and bivariate ordinal probit regression. Binary probit 

regression models the probability of observations with zero category or over-frequency category in 

handling zero-inflated and bivariate ordinal probit regression models two response variables that are 

correlated in data that are not zero-inflated [7]. 

 The study conducted by Gurmu and Dagne employed the Zero-Inflated Bivariate Ordered 

Probit Regression (ZIBOPR) model to address excess zeros in bivariate cases, using household 

tobacco survey data from Bangladesh. The parameters of the ZIBOPR model were estimated using 

a Bayesian estimator with the Markov Chain Monte Carlo (MCMC) approach to obtain the posterior 

distribution of the parameters. The response variables in their study were smoking status and 

chewing tobacco status. The proportion in the low category was 76% for smoking status and 87% 

for chewing tobacco status. The results indicated that the ZIBOPR model performed better than the 

conventional bivariate ordered probit regression model. However, in the present study, a different 

estimation method is employed, namely Maximum Likelihood Estimation (MLE) followed by the 

BHHH numerical iteration. The likelihood function developed in Gurmu and Dagne (2012) serves 

as a reference for this research [7]. 

The BHHH iteration method is a numerical iteration method that is a development of the 

Newton-Raphson iteration method. BHHH maximizes the likelihood function in the parameter 
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estimation process using the MLE method. The BHHH iteration method is simpler than Newton-

Raphson because the calculation of the Hessian matrix uses a more complex second derivative, while 

the BHHH numerical iteration uses the Fisher Information Matrix which only uses the first 

derivative [16]. In addition, BHHH Iteration has an advantages in iteration speed, compared to other 

numerical iterations, BHHH produce faster computation time [9]. 

This study advances the bivariate ordinal probit regression model by formulating a zero-inflated 

bivariate ordered probit approach, wherein the response variables are characterized by an excess of 

outcome categories, exhibit inherent ordering, and display interdependence through mutual 

correlation. This study will examine how the parameter estimation process in the Zero Inflated 

Bivariate Ordered Probit Regression (ZIBOPR) model using the Maximum Likelihood Estimator 

(MLE) estimation method. However, the gradient of the log-likelihood function produces an 

equation that is not closeform, so the parameter estimation is continued with BHHH numerical 

iteration. Before parameter estimation, it is essential to conduct multicollinearity diagnostics on all 

predictor variables to ensure the absence of strong linear relationships among the independent 

variables, thereby enhancing the reliability and validity of the estimation results. 

 

2. ZERO INFLATED BIVARIATE ORDERED PROBIT 

The Zero Inflated Bivariate Ordered Probit Regression (ZIBOPR) model is a development of 

the ZIOP regression model in which there are two response variables in ZIBOPR that are correlated 

with each other and the two response variables observed have levels or ordinal and use a bivariate 

normal distribution link function. Like the case of ZIOP regression, both response variables in 

ZIBOPR have inflation in category 0. In the case of correlated variables, ZIOP regression is not 

appropriate because correlated variables will lead to poor estimation results. 

 

In ZIBOPR, suppose 𝑌1
∗ and 𝑌2

∗ are two unobservable response variables corresponding to the 

observed ordinal response variables, namely 𝑌1 and 𝑌2 where the ordered ordinal values are 0, 1, … , 𝐽  
and  0, 1, … , 𝐾 [14]. Assume that the response variable 𝒀∗ = (𝑌1

∗, 𝑌2
∗) follows the ZIBOPR model 

which is shown in the following equation [15]. 

𝑌1
∗ = 𝒛1

𝑻𝜶1 + 𝜀1 
(2.1) 

𝑌2
∗ = 𝒛𝟐

𝑻𝜶𝟐 + 𝜀2 

where, 

𝒛1 : Vector of predictor variables for 𝑌1
∗ with 𝒛1 = [1 𝑍11 … 𝑍1𝑝]𝑇 

𝒛2 : Vector of predictor variables for 𝑌2
∗ with 𝒛2 = [1 𝑍21 … 𝑍2𝑝]𝑇 

𝜶1 : Vector of regression parameters 𝑌1
∗ with  𝜶1 = [𝛼10 𝛼11 … 𝛼1𝑝]𝑇 

𝜶2 : Vector of regression parameters 𝑌2
∗ with  𝜶2 = [𝛼20 𝛼21 … 𝛼2𝑝]𝑇 

𝜀1 : Error for  𝑌1
∗ 

𝜀2 : Error for  𝑌2
∗ 

𝜀1 and 𝜀2 are interconnected errors in the response variable 𝑌1
∗ and 𝑌2

∗ which is denoted as 

a vector 𝜺𝑖 = (𝜀1, 𝜀2)
𝑇 which is assumed to be bivariate normal distribution with variance 𝜎1

2 and 

𝜎1
2 and the correlation between the errors are denoted by 𝝆 or denoted as follows [16]. 

(
𝜀1
𝜀2
)
 

~𝑁2 [(
0
0
)
 

(
1 𝜌
𝜌 1

)]
 

  

The probability of an observation being zero-inflated in ZIBOPR is described in the 

following equation [4]. 

𝑃 (𝑠 = 1|𝑥) = 𝑃(𝛿∗ > 0|𝑥) = Φ(𝐱𝐓𝝀) (2.2) 

where, 

 Φ(. )  : cumulative distribution function of the standard normal distribution  
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and 𝑃 (𝑠 = 0|𝑥) = 1 − 𝑃 (𝑠 = 1|𝑥). 
 

Latent variables 𝑌1
∗ and 𝑌2

∗ in the ZIBOPR model in equation (2.1) cannot be determined 

directly, so it uses certain thresholds, for example 𝛿 and 𝛾. The ordinal probit categorization in 

ZIBOPR is denoted by 𝑟1 and 𝑟2 [13]. 

𝑌1
∗ ≤ 𝛿0 and 𝑌2

∗ ≤ 𝛾0 respectively for 𝑟1 = 0 and 𝑟2 = 0 

𝛿𝑗−1 < 𝑌1
∗ < 𝛿𝑗 and 𝛾𝑘−1 < 𝑌2

∗ < 𝛾𝑘 respectively for 𝑟1 = 1,… , 𝑗 − 1 and 𝑟2 = 1,… , 𝑘 − 1 

𝑌1
∗ > 𝛿𝑗−1 and 𝑌2

∗ > 𝛾𝑘−1 respectively for 𝑟1 = 𝐽 and 𝑟2 = 𝐾 

where 𝐽 and 𝐾 are the highest categories in bivariate ordinal probit, respectively. If there are cases 

that have four categories, 

𝑌1
∗ ≤ 𝛿0 and 𝑌2

∗ ≤ 𝛾0 respectively for 𝑟1 = 0 and 𝑟2 = 0 

𝛿0 < 𝑌1
∗ < 𝛿1 and 𝛾0 < 𝑌2

∗ < 𝛾1 respectively for 𝑟1 = 1 and 𝑟2 = 1 

𝛿1 < 𝑌1
∗ < 𝛿2 and 𝛾1 < 𝑌2

∗ < 𝛾2 respectively for 𝑟1 = 2 and 𝑟2 = 2 

𝑌1
∗ > 𝛿2 and 𝑌2

∗ > 𝛾2 respectively for 𝑟1 = 3 and 𝑟2 = 3 

where 𝛿𝑗 and 𝛾𝑘 are, respectively, the threshold value of each tier of the 𝑌1
∗ and 𝑌2

∗, with constraints 

𝛿0 < 𝛿1 < 𝛿2 < ⋯ < 𝛿𝑗−1 and 𝛾0 < 𝛾1 < 𝛾2 < ⋯ < 𝛾𝑘−1.  

  

Variables 𝑌1
∗ and 𝑌2

∗ are not directly observable so they use the previously discussed 

thresholds of 𝛿 and 𝛾. The mapping between 𝑟1 and 𝑟2 with 𝑌1
∗ and 𝑌2

∗ is generally given by [15], 

𝑟1(𝑌1
∗) = {

0, 𝑌1
∗ ≤ 𝛿0

𝑗, 𝛿𝑗−1 < 𝑌1
∗ < 𝛿𝑗  

𝐽, 𝑌1
∗ > 𝛿𝑗−1 

 

and 

𝑟2(𝑌2
∗) = {

0, 𝑌2
∗ ≤ 𝛾0 

𝑗, 𝛾𝑘−1 < 𝑌2
∗ < 𝛾𝑘  

𝐽, 𝑌2
∗ > 𝛾𝑘−1 

 (2.3) 

 

Mapping between categories if it has four categories, 𝑟1 and 𝑟2 with 𝑌1
∗ and 𝑌2

∗ is given by, 

𝑟1(𝑌1
∗) =

{
 

 
0, 𝑌1

∗ ≤ 𝛿0
1, 𝛿0 < 𝑌1

∗ < 𝛿1 

2, 𝛿1 < 𝑌1
∗ < 𝛿2 

3, 𝑌1
∗ > 𝛿2

 

and 

𝑟2(𝑌2
∗) =

{
 

 
0, 𝑌2

∗ ≤ 𝛾0
1, 𝛾0 < 𝑌2

∗ < 𝛾1 

2, 𝛾1 < 𝑌2
∗ < 𝛾2 

3, 𝑌2
∗ > 𝛾2

 (2.4) 

 

Based on equation (2.3), the bivariate ordinal probit regression model on ZIBOPR is 

described in equation (2.5). 

𝑃(𝑟1 = 0, 𝑟2 = 0) = Φ2(−𝐳1
𝑻𝜶1, −𝐳2

𝑻𝜶𝟐, 𝜌) 

(2.5) 

⋮ 
𝑃(𝑟1 = 𝑗, 𝑟2 = 𝑘)

= Φ2(𝛿𝑗−1 − 𝐳1
T𝜶1, 𝛾𝑘−1 − 𝐳2

T𝜶2, 𝜌)

− Φ2(𝛿𝑗 − 𝐳1
𝐓𝜶1, 𝛾𝑘 − 𝐳2

T𝜶2, 𝜌); 𝑗 = 1,… , 𝐽 − 1, 

 𝑘 = 1,… , 𝐾 − 1 

⋮ 
𝑃(𝑟1 = 𝐽, 𝑟2 = 𝐾) = 1 − Φ2(𝛿𝐽−1 − 𝐳1

T𝛂𝟏, 𝛾𝐾−1 − 𝐳1
T𝛂1, 𝜌)  

 

The joint probability of having four categories in the ordinal probit section is described as 

(2.81). 

𝑃(𝑟1 = 0, 𝑟2 = 0) = Φ2(𝛿0 − 𝐳1
T𝜶1, 𝛾0 − 𝐳2

T𝜶2, 𝜌) 

(2.6) 
𝑃(𝑟1 = 0, 𝑟2 = 1) = Φ2(𝛿0 − 𝐳1

T𝜶1, 𝛾1 − 𝐳2
T𝜶2, 𝜌) − Φ2(𝛿0 − 𝐳1

𝐓𝛂, 𝛾0 − 𝐳2
T𝛂2, 𝜌) 

𝑃(𝑟1 = 0, 𝑟2 = 2) = Φ2(𝛿0 − 𝐳1
T𝜶1, 𝛾2 − 𝐳2

T𝜶2, 𝜌) − Φ2(𝛿0 − 𝐳1
𝐓𝜶1, 𝛾1 − 𝐳2

T𝜶2, 𝜌) 

𝑃(𝑟1 = 0, 𝑟2 = 3) = 1 − Φ2(𝛿0 − 𝐳1
T𝜶𝟏, 𝛾2 − 𝐳𝟐

T𝜶𝟐, 𝜌) 
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⋮ 
𝑃(𝑟1 = 3, 𝑟2 = 3) = 1 − Φ2(𝛿3 − 𝐳1

T𝛂𝟏, 𝛾3 − 𝐳𝟐
T𝛂𝟐, 𝜌) 

 

The relationship between 𝑠 and (𝑟1, 𝑟2) in relation to zero is described in the following 

equation [8]. 

  

(𝑦1, 𝑦2) = 𝑠 × (𝑟1, 𝑟2) =

{
 
 

 
 
(0,0), 𝑠 = 0 or 𝑟1 = 0, 𝑟2 = 0

⋮
(1,1), 𝑠 = 1 or 𝑟1 = 1, 𝑟2 = 1

⋮
(𝐽, 𝐾), 𝑠 = 1 or 𝑟1 = 𝐽, 𝑟2 = 𝐾

 (2.7) 

 

So, the general form of the odds of ZIBOPR regression is described in the following 

equation. 

𝑝(𝑦1, 𝑦2) = {
𝑃(𝑠 = 0) + 𝑃(𝑠 = 1)𝑃(𝑟1 = 0, 𝑟2 = 0); For (𝑦1, 𝑦2) = (0,0)

𝑃(𝑠 = 1)𝑃(𝑟1 = 𝑗, 𝑟2 = 𝑘); For (𝑦1, 𝑦2) ≠ (0,0)
 (2.8) 

where 𝑗 = 0,1,… , 𝐽 and 𝑘 = 0, 1, … , 𝐾. 
 

Based on equation (2.8), the ZIBOPR model is described in the following equation [7]. 

𝑃(𝑦1 = 0, 𝑦2 = 0|𝑠 = 1) =  Φ(𝐱
𝐓𝝀)[Φ2(−𝐳1

𝑻𝛂1, −𝐳2
𝑻𝛂𝟐, 𝜌)] 

(2.9) 

⋮ 
𝑃(𝑦1 = 𝑗, 𝑦2 = 𝑘|𝑠 = 1)

= [Φ(𝐱𝐓𝝀)] (Φ2(𝛿𝑗−1 − 𝐳1
T𝛂1, 𝛾𝑘−1 − 𝐳2

T𝛂2, 𝜌)

− Φ2(𝛿𝑗 − 𝐳1
𝐓𝛂, 𝛾𝑘 − 𝐳2

T𝛂2, 𝜌)) 

⋮ 
𝑃(𝑦1 = 𝐽, 𝑦2 = 𝐾|𝑠 = 1

= Φ(𝐱𝐓𝝀)

+ [1 −Φ(𝐱𝐓𝝀)](1 −Φ2(𝛿𝐽−1 − 𝐳1
T𝛂𝟏, 𝛾𝐾−1 − 𝐳1

T𝛂1, 𝜌)) 

 

3.  RESULT 

Parameter Estimation of ZIBOPR Model 

Parameter estimation in the ZIBOPR model in this study uses the MLE method. The MLE 

method is an estimation method that is often used where this method maximizes the likelihood 

function. The ZIBOPR model is a probit regression model where the response variable for the 

ZIBOPR model follows a multinomial distribution. y for the ZIBOPR model follows a multinomial 

distribution. In the ZIBOPR model, there is an inflated variable which is a binary probit where 

ZIBOPR consists of a binary probit model and a bivariate ordinal probit model estimated together. 

  

The distribution of the ZIBOPR model can be seen in the variable  

𝒀 = [𝑌00 𝑌01 … 𝑌𝑗𝑘 … 𝑌𝐽𝐾]where 𝑌𝑗𝑘 = 0,1 for 𝑗 = 0, 1, 2,… , 𝐽 and 𝑘 = 0, 1, 2, … , 𝐾; 

𝑌𝐽𝐾 = 1 − (𝑌00 + 𝑌01 + 𝑌02 + … + 𝑌𝐽,𝐾−1). Joint probability 𝑌1 = 𝐽, 𝑌2 = 𝐾 is described in the 

following equation. 

𝑃(𝑌1 = 𝐽, 𝑌2 = 𝐾) = 1 − 𝑃(𝑌1 = 0, 𝑌2 = 0) + 𝑃(𝑌1 = 0, 𝑌2 = 1) + 

                              …+  𝑃(𝑌1 = 𝐽 − 1, 𝑌2 = 𝐾, (𝑌1 = 𝐽, 𝑌2 = 𝐾 − 1) 
So that the variables 𝑌1 and 𝑌2 which is the ZIBOPR model follows a multinomial 

distribution which is denoted as follows. 
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𝒀~𝑀(1; 𝑃00, 𝑃01, … , 𝑃𝐽−1,𝐾 , 𝑃𝐽,𝐾−1)  

If a sample is taken as many as 𝑛, then the random sample is 𝑦1, 𝑦2, … , 𝑦𝑛 where  
𝒀𝑖 = [𝒀00𝑖 𝒀01𝑖 … 𝑌𝑗𝑘𝑖 … 𝑌(𝐽−1,𝐾)𝑖,𝑌(𝐽,𝐾−1)𝑖]where 𝑖 = 1, 2, … , 𝑛 and 𝒀𝑖 multinomial 

distribution which is denoted as follows. 

𝒀𝑖~𝑀(𝑛; 𝑃00𝑖, 𝑃01𝑖, … , 𝑃(𝐽−1,𝐾)𝑖, 𝑃(𝐽,𝐾−1)𝑖)  

In this study using four ordinal categories on two response variables, so it is 𝒀𝑖 denoted as 

follows. 

𝒀𝑖~𝑀(1; 𝑃(𝑌1𝑖 = 0, 𝑌2𝑖 = 0|𝐱i, 𝐳i), 𝑃(𝑌1𝑖 = 0, 𝑌2𝑖 = 1|𝐱i, 𝐳i),… , 𝑃(𝑌1𝑖 = 3, 𝑌2𝑖 = 3|𝐱i, 𝐳i) 
 

Joint probability for 𝑌1 and 𝑌2 after taking a sample of 𝑛 are described as follows. 

𝑃(𝑦1𝑖 = 0, 𝑦2𝑖 = 0|𝑠 = 1) =  Φ(𝐱i
𝐓𝝀) + [1 −Φ(𝐱𝐓𝝀)Φ2(−𝐳1i

𝑻𝛂1, −𝐳2i
𝑻 𝛂𝟐, 𝜌)] 

⋮ 
𝑃(𝑦1 = 𝑗, 𝑦2 = 𝑘|𝑠 = 1)

= [Φ(𝐱i
𝐓𝝀)] (Φ2(𝛿𝑗−1 − 𝐳1i

T𝛂1, 𝛾𝑘−1 − 𝐳2𝑖
T 𝛂2, 𝜌)

− Φ2(𝛿𝑗 − 𝐳1i
𝐓𝛂, 𝛾𝑘 − 𝐳2𝑖

T 𝛂2, 𝜌)) 

⋮ 
𝑃(𝑦1 = 3, 𝑦2 = 3|𝑠 = 1) = [Φ(𝐱i

𝐓𝝀)](1 − Φ2(𝛿𝐽−1 − 𝐳1i
T𝛂𝟏, 𝛾𝐾−1 − 𝐳1i

T𝛂1, 𝜌)) 

 

The estimated ZIBOPR model parameters are denoted by 𝛉 where 𝛉 the set of parameters  

𝛉 = {𝝀,𝜶𝟏, 𝜶𝟐, 𝝆}, 𝜆 are the parameters of the binary probit in ZIBOPR, 𝛼1 and 𝛼2 are the 

parameters of bivariate ordinal probit in ZIBOPR, and 𝜌 is the correlation coefficient between errors 

in bivariate ordinal probit in ZIBOPR. These parameters will be estimated using the MLE method 

and BHHH numerical iteration starting by finding the ln derivative of the probability of 𝛉.  

 The derivative of ln joint probability with respect to 𝝀 which is then denoted 𝒈𝑖(𝝀) is 

obtained through Equation (3.1).  
𝜕 ln𝑃(𝑌1 = 𝑗, 𝑌2 = 𝑘)

𝜕𝝀
=

1

𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)

𝜕𝝀
 

(3.1) 

The derivative of ln joint probability with respect to 𝜶1 which is then denoted 𝒈𝑖(𝜶1 ) is 

obtained through Equation (3.2). 
𝜕 ln𝑃(𝑌1 = 𝑗, 𝑌2 = 𝑘)

𝜕𝜶1
=

1

𝑃𝑗𝑘(𝑌𝑗𝑖, 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)

𝜕𝜶1
 

(3.2) 

The derivative of ln joint probability with respect to 𝜶𝟐 which is then denoted 𝒈𝑖(𝜶2) is 

obtained through Equation (3.3). 
𝜕 ln𝑃(𝑌1 = 𝑗, 𝑌2 = 𝑘)

𝜕𝜶2
=

1

𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)

𝜕𝜶2
 

(3.3) 

 

The derivative of ln joint probability with respect to 𝜌 which is then denoted 𝒈𝑖(𝜌) is obtained 

through Equation (3.4). 
𝜕 ln𝑃(𝑌1 = 𝑗, 𝑌2 = 𝑘)

𝜕𝜌
=

1

𝑃𝑗𝑘(𝑌𝑗𝑖, 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)

𝜕𝜌
 

(3.4) 

Then, construct the likelihood function for 𝛉 is as follows. 
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𝐿(𝛉) =∏[∏[𝑃(𝑠 = 0) + 𝑃(𝑠 = 1)𝑃(𝑟1 = 0, 𝑟2 = 0)]
ℎ𝑖𝑗𝑘

 

𝒋,𝒌=𝟎

𝒏

𝒊=𝟏

× ∏[𝑃(𝑠 = 1)𝑃(𝑟1 = 𝑗, 𝑟2 = 𝑘)]
ℎ𝑖𝑗𝑘

 

𝑗,𝑘≠0

] 

(3.5) 

 

Then Equation (3.5) is transformed into the equation (3.6). 

ln 𝐿(𝛉) =∑[∑ ℎ𝑖𝑗𝑘

 

𝒋,𝒌=𝟎

[𝑃(𝑠 = 0) + 𝑃(𝑠 = 1)𝑃(𝑟1 = 0, 𝑟2 = 0)]

𝒏

𝒊=𝟏

+ ∑ ℎ𝑖𝑗𝑘[𝑃(𝑠 = 1)𝑃(𝑟1 = 𝑗, 𝑟2 = 𝑘)]

 

𝑗,𝑘≠0

] 

 

ln 𝐿(𝛉) =∑[𝑑00𝑖

𝑛

𝑖=1

ln [Φ(𝐱i
T𝝀)[Φ2(𝛿0 − 𝐳1i

T 𝛂1, 𝛾0 − 𝐳2𝑖
T 𝛂2, 𝜌)]] + 

𝑑𝑖01 ln [[Φ(𝐱i
𝐓𝛌)][Φ2(𝛿0 − 𝐳1i

T𝛂1, 𝛾1 − 𝐳2𝑖
T 𝛂2, 𝜌) − Φ2(𝛿0 − 𝐳1i

𝐓𝛂, 𝛾0 − 𝐳2𝑖
T 𝛂2, 𝜌)]] + 

…+ 𝑑𝑖33 ln [[Φ(𝐱i
𝐓𝛌)][1 − Φ2(𝛿3 − 𝐳1i

T𝛂𝟏, 𝛾3 − 𝐳𝟐𝒊
T 𝛂𝟐, 𝜌)]] 

(3.6) 

 

Then separate the parts 𝑙𝑛 and generalized by 𝑆 which is described as follows. 

S1 =∑ 

𝑛

𝑖=1

𝑑𝑖00 ln [[Φ(𝐱i
𝐓𝛌)] + [1 −Φ(𝐱i

𝐓𝛌)][Φ2(𝛿0 − 𝐳1i
T𝛂1, 𝛾0 − 𝐳2𝑖

T 𝛂2, 𝜌)]] 

(3.7) 

S2 =∑ 

𝑛

𝑖=1

𝑑𝑖01 ln [[Φ(𝐱i
𝐓𝛌)][Φ2(𝛿0 − 𝐳1i

T𝛂1, 𝛾1 − 𝐳2𝑖
T 𝛂2, 𝜌)

− Φ2(𝛿0 − 𝐳1i
𝐓𝛂, 𝛾0 − 𝐳2𝑖

T 𝛂2, 𝜌)]] 

⋮ 

S16 =∑ 

𝑛

𝑖=1

𝑑𝑖33 ln [[Φ(𝐱i
𝐓𝛌)][1 − Φ2(𝛿3 − 𝐳1i

T𝛂𝟏, 𝛾3 − 𝐳𝟐𝒊
T 𝛂𝟐, 𝜌)]] 

Maximize the ln likelihood function in Equation (3.7) by lowering the equation with respect 

to the parameters 𝛉 = {𝜆, 𝛼1, 𝛼2, 𝜌} and then equated to zero. To get the parameter estimate of 𝝀 is 

described in the following equation. 

𝜕 ln 𝐿(𝜽)

𝜕𝝀
=
𝜕

𝜕𝝀
∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

ln 𝑃𝑗𝑘𝑖 (𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)  

(3.8) 

 
=∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

1

𝑃𝑗𝑘(𝑌𝑗, 𝑌𝑘|𝑥𝑖, 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)

𝜕𝝀
 



239 

JURNAL MATEMATIKA, STATISTIKA DAN KOMPUTASI 
Andriano, Purhadi, Ismaini Zain 

 

 Parameter estimator 𝝀 can be obtained by maximizing the ln likelihood function. Maximizing 

the ln likelihood function that has been separated in Equation (3.7) by lowering the equation against 

the parameter 𝝀. The derivative results are then summed up to obtain the parameter estimator 𝝀 

which is described in the following equation. 
𝜕 ln 𝐿(𝜃)

𝜕𝝀
=
𝜕𝑆1
𝜕𝝀

+
𝜕𝑆2
𝜕𝝀

+
𝜕𝑆3
𝜕𝝀

+ …+
𝜕𝑆16
𝜕𝝀

 (3.9) 

Equation (3.9) is then equated to zero to obtain an estimator of the parameter 𝝀. After equating 

to zero, based on previous research, it turns out that the equation is not closed form. Based on this, 

the parameter estimation process 𝝀 is continued with the BHHH numerical iteration process. 

Then to get the parameter estimation of 𝛂1 is described in Equation (3.10) 

𝜕 ln 𝐿(𝜃)

𝜕𝜶1
=

𝜕

𝜕𝜶1
∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

ln 𝑃𝑗𝑘𝑖 (𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)  

(3.10) 

=∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

1

𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)

𝜕𝜶1
 

 In the same way, the parameter estimator is obtained 𝛂1. Based on Equation (3.7), the derivative 

results are then summed up to obtain the parameter estimator 𝜶1 which is described in the following 

equation. 
𝜕 ln 𝐿(𝛉)

𝜕𝜶1
=
𝜕𝑆1
𝜕𝜶1

+
𝜕𝑆2
𝜕𝜶1

+
𝜕𝑆3
𝜕𝜶1

+ …+
𝜕𝑆16
𝜕𝜶1

 
(3.11) 

Equation (3.11) is then equated to zero to obtain an estimator of the parameter 𝛂1. After 

equating to zero, based on previous research, it turns out that the equation is not closed form. Based 

on this, the parameter estimation process 𝛂1 is continued with the BHHH numerical iteration 

process. 

Then to get the parameter estimation of 𝛂2 is described in equation (3.12) 

𝜕 ln 𝐿(𝜃)

𝜕𝜶2
=

𝜕

𝜕𝜶2
∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

ln 𝑃𝑗𝑘𝑖 (𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖) 

(3.12) 

=∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

1

𝑃𝑗𝑘𝑖(𝑌𝑗𝑖, 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖)

𝜕𝜶2
 

 In the same way, the parameter estimator is obtained 𝛂2. The derivative results are then summed 

up to obtain the parameter estimator 𝜶2 which is described in the following equation. 
𝜕 ln 𝐿(𝛉)

𝜕𝜶2
=
𝜕𝑆1
𝜕𝛂2

+
𝜕𝑆2
𝜕𝛂2

+
𝜕𝑆3
𝜕𝛂2

+ …+
𝜕𝑆16
𝜕𝛂2

 
(3.13) 

Equation (3.13) is then equated to zero to obtain an estimator of the parameter 𝜶2. After 

equating to zero, based on previous research, it turns out that the equation is not closed form. Based 
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on this, the parameter estimation process 𝜶2 is continued with the BHHH numerical iteration 

process. 

Then to get the parameter estimation of 𝜌 is described in the following equation. 

𝜕 ln 𝐿(𝛉)

𝜕𝜌
=
𝜕

𝜕𝜌
∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

ln 𝑃𝑗𝑘𝑖 (𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖, 𝑧𝑖) 

(3.14) 

=∑∑∑𝑑𝑗𝑘𝑖

𝑛

𝑖=1

𝐾

𝑘=0

𝐽

𝑗=0

1

𝑃𝑗𝑘𝑖(𝑌𝑗𝑖, 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)
 
𝜕𝑃𝑗𝑘𝑖(𝑌𝑗𝑖 , 𝑌𝑘𝑖|𝑥𝑖 , 𝑧𝑖)

𝜕𝜌
 

 In the same way, the parameter estimator is obtained 𝜌. The derivative results are then summed 

up to obtain the parameter estimator 𝜌 which is described in the following equation. 
𝜕 ln 𝐿(𝛉)

𝜕𝜌
=
𝜕𝑆1
𝜕𝜌

+
𝜕𝑆2
𝜕𝜌

+
𝜕𝑆3
𝜕𝜌

+ …+
𝜕𝑆16
𝜕𝜌

 
(3.15) 

Equation (3.15) is then equated to zero to obtain an estimator of the parameter 𝜌. After 

equating to zero, based on previous research, it turns out that the equation is not closed form. Based 

on this, the parameter estimation process 𝜌 is continued with the BHHH numerical iteration process. 

Based on the MLE method previously described the estimation of parameters that are not closed 

to get a parameter estimator is obtained through numerical iteration using the BHHH method.  

𝛉 = {𝝀,𝜶𝟏, 𝜶𝟐, 𝜌} obtained through numerical iteration using the BHHH method. The stages of the 

BHHH iteration procedure are as follows. 

1. Initial initiation for parameters 𝜽(0)where  𝜽(0) = [𝜆(0) 𝛼1
(0) 𝛼2

(0) 𝜌(0)] initials are 

obtained from the estimated bivariate ordinal probit regression. 

2. Evaluate the likelihood function and gradient obtained from the previous MLE estimation step. 

3. Determine the gradient vector with the following equation. 

𝒈(𝜽̂) = [
𝜕 ln 𝐿(. )

𝜕𝛌

𝜕 ln 𝐿(. )

𝜕𝛂𝟏

𝜕 ln 𝐿(. )

𝜕𝛂𝟏

𝜕 ln 𝐿(. )

𝜕𝝆
] 

4. Determine the Hessian matrix in equation (3.16) 

𝐇(𝜽(𝑙)) = −∑𝒈𝑖
𝑇(𝜽(𝑙))𝒈𝑖(𝜽

(𝑙))

𝑛

𝑖=1

 
(3.16) 

 

where 𝒈𝑖(𝜽
(𝑙)) is the gradient vector of the ln Probability at each i-th sample of size  

(𝑝 + 𝑞) × 1 

𝒈𝑖(𝜽
(𝑙)) =

𝜕 ln𝑃(𝑌1𝑖 = 𝑦1𝑖, 𝑌2𝑖 = 𝑦2𝑖)

𝜕𝜽
 (3.17) 

 

5. Perform parameter updating with equation (3.18). 

𝜽̂(𝑙+1) = 𝜽̂(𝑙) −𝐇−1(𝜽(𝑙)) 𝒈(𝜽̂(𝑙)) (3.18) 
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6. Repeat steps 2 through 4 and stop when converging i.e. ‖𝜽𝑙+1 − 𝜽𝑙‖ < 𝜀 where 𝜀 is a very 

small tolerance value and 𝜀 > 0. 

7. Iteration stops when 𝑙 = 𝑀 then we get 𝜽̂ = 𝜽̂(𝑀). 
 

Marginal Effect 

The marginal effect in ZIOP regression is defined as the change in probability in the 

response variable when the predictor variable changes. The marginal effect in ZIBOPR regression 

for 𝐽 and K categories is by reducing the ZIBOPR regression model to its predictor variables. The 

marginal effect equation for the ZIBOPR regression model is described in equation (3.19) [7]. 

 

ME(𝑃(𝑌1 = 0,𝑌2 = 0)

=
𝜕𝑃(𝑌1 = 0, 𝑌2 = 0)

𝜕𝐱
+
𝜕𝑃(𝑌1 = 0, 𝑌2 = 0)

𝜕𝐳1
+
𝜕𝑃(𝑌1 = 0,𝑌2 = 0)

𝜕𝐳2
 

(3.19) ⋮ 
ME(𝑃(𝑌1 = 𝐽, 𝑌2 = 𝐾)

=
𝜕𝑃(𝑌1 = 𝐽, 𝑌2 = 𝐾)

𝜕𝐱
+
𝜕𝑃(𝑌1 = 𝐽, 𝑌2 = 𝐾)

𝜕𝐳1
+
𝜕𝑃(𝑌1 = 0,𝑌2 = 0)

𝜕𝐳2
 

  

4.  CONCLUSION 

Based on the previous discussion, it can be concluded that the ZIBOPR model can be applied to regression 

models with two multinomial distributed response variables. The ZIBOPR model is a development of the ordinal 

probit regression model where both response variables are zero-inflated. A zero-inflated condition occurs when 

one category in both responses is overrepresented compared to the other category. In this condition, estimation 

using bivariate ordinal probit regression will be biased because this method is unable to handle zero-inflated data. 

The ZIBOPR model is a combination of binary probit regression and bivariate ordinal probit regression models. 

Parameters in the ZIBOPR model can be estimated using the MLE method. The equation from MLE estimation 

process is not closed form, so the estimation process is continued with the BHHH iteration. 
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